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Theoretically 
addressed by  
▪ Multi-arm bandit 

problem 
▪ Reinforcement 

Learning

▪ Find the optimal trade-off between exploration and 
exploitation         bandit and RL problems 

▪ Sampling-efficiency: the learning performance does not 
scale with the ambient dimension (number of arms, states, 
etc)         structured learning
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• In DMSs, context or action payoffs (data) have semantically reach 
information 

Structured problems obviate the curse of 
dimensionality by exploiting the data structure

C. Gentile et al., “Online Clustering of Bandits”, ICML 2014

Graph Clustering  
• reducing the curse of 

dimensionality  
• degradation in real-world data

Need for more sophisticated frameworks 
(than clustering) to handle high-
dimensional and structured data 
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• In DMSs, context or action payoffs (data) have semantically reach 
information 

• It is important to identify and leverage the structure underneaths 
these data 

Many works on Bandit are graph based, see overview [1] 

▪ data-structure in bandits: 
‣ Gentile, C., Li, S., and Zappella, G. “Online clustering of bandits”, ICML 2014  
‣ Korda, N., Szorenyi, B., and Shuai, L. “Distributed clustering of linear bandits in 

peer to peer networks", JMLR, 2016  
‣ Yang, K. and Toni, L., “Graph-based recommendation system”, IEEE GlobalSIP, 2018

[1] Michal Valko: Bandits on graphs and structures, habilitation thesis, École normale supérieure de Cachan (ENS Cachan 2016)
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• It is important to identify and leverage the structure underneaths 
these data 

Many works on Bandit are graph based, see overview [1] 

▪ data-structure in bandits: 
‣ Gentile, C., Li, S., and Zappella, G. “Online clustering of bandits”, ICML 2014  
‣ Korda, N., Szorenyi, B., and Shuai, L. “Distributed clustering of linear bandits in 

peer to peer networks", JMLR, 2016  
‣ Yang, K. and Toni, L., “Graph-based recommendation system”, IEEE GlobalSIP, 2018

[1] Michal Valko: Bandits on graphs and structures, habilitation thesis, École normale supérieure de Cachan (ENS Cachan 2016)

can we capture the external 
information beyond data-structure?
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• It is important to identify and leverage the structure underneaths 
these data 

[1] Michal Valko: Bandits on graphs and structures, habilitation thesis, École normale supérieure de Cachan (ENS Cachan 2016)

▪ spectral bandits: 
‣ N. Cesa-Bianchi, et al., “A gang of bandits”, NeurIPS 2013 
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• In DMSs, context or action payoffs (data) have semantically reach 
information 

• It is important to identify and leverage the structure underneaths 
these data 

[1] Michal Valko: Bandits on graphs and structures, habilitation thesis, École normale supérieure de Cachan (ENS Cachan 2016)

▪ spectral bandits: 
‣ N. Cesa-Bianchi, et al., “A gang of bandits”, NeurIPS 2013 
‣ M. Valko, et al., “Spectral bandits for smooth graph functions”, ICML 2014 
‣ S. Vaswani, M Schmidt, and L. Lakshmanan, “Horde of bandits using gaussian 

markov random fields”, arXiv, 2017.  
‣ other recent works on asynchronous and decentralized network bandits

✦ single user bandit 
✦ no per-user error bound —> coarse regret upper bounds 

scaling linearly with the number of users 
✦ high computational complexity 

Many works on Bandit are graph based, see overview [1] 
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• In DMSs, context or action payoffs (data) have semantically reach 
information 

• It is important to identify and leverage the structure underneaths 
these data 

• Highly interesting studies on graph-bandit already published, but 
most of them work in the graph spatial (vertex) domain  

Graph signal processing (GSP) can be applied to DMSs to 
address the above challenges and needs

• Data can be high-dimensional, time-varying, and composition of 
superimposed phenomena.  

• Need proper framework to capture both data-structure and 
external-geometry information (graphs) 
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takes into account both structure (edges) and 
data (values at vertices)

f : V ! RN

! Network-structured data can be represented by graph signals
Structured but irregular data can be represented by graph signals 

Goal: to capture both structure (edges) and data (values at 
vertices)
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on a graph G  is defined as the set of 
edges connecting a vertex with a positive 
signal to a vertex with a negative signal: 

( ) : ( , ) : ( ) ( ) .Z Ee i j f i f j 0fG 1!= =" ,
GRAPH SIGNAL REPRESENTATIONS 
IN TWO DOMAINS
The graph Fourier transform (3) and its 
inverse (4) give us a way to equivalently 
represent a signal in two different 
domains: the vertex domain and the graph 
spectral domain. While we often start with 
a signal g in the vertex domain, it may also 
be useful to define a signal gt  directly in 
the graph spectral domain. We refer to 
such signals as kernels. In Figure 4(a) and 
(b), one such signal, a heat kernel, is 
shown in both domains. Analogously to 
the classical analog case, the graph 
Fourier coefficients of a smooth signal such as the one shown 
in Figure 4 decay rapidly. Such signals are compressible as 
they can be closely approximated by just a few graph Fourier 
coefficients (see, e.g., [24]–[26] for ways to exploit this 
compressibility).

DISCRETE CALCULUS AND SIGNAL 
SMOOTHNESS WITH RESPECT TO THE 
INTRINSIC STRUCTURE OF THE GRAPH
When we analyze signals, it is important to emphasize that 
properties such as smoothness are with respect to the intrinsic 
structure of the data domain, which in our context is the 
weighted graph. Whereas differential geometry provides tools 
to incorporate the geometric structure of the underlying mani-
fold into the analysis of continuous signals on differentiable 
manifolds, discrete calculus provides a “set of definitions and 
differential operators that make it possible to operate the 
machinery of multivariate calculus on a finite, discrete space” 
[14, p. 1].

To add mathematical precision to the notion of smoothness 
with respect to the intrinsic structure of the underlying graph, 
we briefly present some of the discrete differential operators 
defined in [4], [6]–[8], [14], and [28]–[30]. Note that the names 
of many of the discrete calculus operators correspond to the 
analogous operators in the continuous setting. In some prob-
lems, the weighted graph arises from a discrete sampling of a 
smooth manifold. In that situation, the discrete differential 
operators may converge—possibly under additional assump-
tions—to their namesake continuous operators as the density of 
the sampling increases. For example, [31]–[34] examine the 
convergence of discrete graph Laplacians (normalized and 
unnormalized) to continuous manifold Laplacians. 

The edge derivative of a signal f with respect to edge ( , )e i j=  
at vertex i is defined as
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provides a measure of local smoothness of f around vertex ,i  as it is 
small when the function f has similar values at i and all neighbor-
ing vertices of .i

For notions of global smoothness, the discrete p -Dirichlet 
form of f is defined as
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When ,p 1=  ( )S f1  is the total variation of the signal with respect 
to the graph. When ,p 2=  we have
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( )S f2  is known as the graph Laplacian quadratic form [17], and 
the seminorm Lf< <  is defined as

: ( ).L L Sf f f f fL 2
1

2 2
T< < < <= = =

Note from (6) that the quadratic form ( )S f2  is equal to zero if 
and only if f  is constant across all vertices (which is why 
f L is only a seminorm), and, more generally, ( )S f2  is small 

when the signal f has similar values at neighboring vertices 
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[FIG4] Equivalent representations of a graph signal in the vertex and graph spectral 
domains. (a) A signal g that resides on the vertices of the Minnesota road graph [27] 
with Gaussian edge weights as in (1). The signal’s component values are represented by 
the blue (positive) and black (negative) bars coming out of the vertices. (b) The same 
signal in the graph spectral domain. In this case, the signal is a heat kernel, which is 
actually defined directly in the graph spectral domain by ( ) .g e 5m =, m- ,t  The signal plotted 
in (a) is then determined by taking an inverse graph Fourier transform (4) of .gt
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in (a) is then determined by taking an inverse graph Fourier transform (4) of .gt
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on a graph G  is defined as the set of 
edges connecting a vertex with a positive 
signal to a vertex with a negative signal: 

( ) : ( , ) : ( ) ( ) .Z Ee i j f i f j 0fG 1!= =" ,
GRAPH SIGNAL REPRESENTATIONS 
IN TWO DOMAINS
The graph Fourier transform (3) and its 
inverse (4) give us a way to equivalently 
represent a signal in two different 
domains: the vertex domain and the graph 
spectral domain. While we often start with 
a signal g in the vertex domain, it may also 
be useful to define a signal gt  directly in 
the graph spectral domain. We refer to 
such signals as kernels. In Figure 4(a) and 
(b), one such signal, a heat kernel, is 
shown in both domains. Analogously to 
the classical analog case, the graph 
Fourier coefficients of a smooth signal such as the one shown 
in Figure 4 decay rapidly. Such signals are compressible as 
they can be closely approximated by just a few graph Fourier 
coefficients (see, e.g., [24]–[26] for ways to exploit this 
compressibility).

DISCRETE CALCULUS AND SIGNAL 
SMOOTHNESS WITH RESPECT TO THE 
INTRINSIC STRUCTURE OF THE GRAPH
When we analyze signals, it is important to emphasize that 
properties such as smoothness are with respect to the intrinsic 
structure of the data domain, which in our context is the 
weighted graph. Whereas differential geometry provides tools 
to incorporate the geometric structure of the underlying mani-
fold into the analysis of continuous signals on differentiable 
manifolds, discrete calculus provides a “set of definitions and 
differential operators that make it possible to operate the 
machinery of multivariate calculus on a finite, discrete space” 
[14, p. 1].

To add mathematical precision to the notion of smoothness 
with respect to the intrinsic structure of the underlying graph, 
we briefly present some of the discrete differential operators 
defined in [4], [6]–[8], [14], and [28]–[30]. Note that the names 
of many of the discrete calculus operators correspond to the 
analogous operators in the continuous setting. In some prob-
lems, the weighted graph arises from a discrete sampling of a 
smooth manifold. In that situation, the discrete differential 
operators may converge—possibly under additional assump-
tions—to their namesake continuous operators as the density of 
the sampling increases. For example, [31]–[34] examine the 
convergence of discrete graph Laplacians (normalized and 
unnormalized) to continuous manifold Laplacians. 
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and only if f  is constant across all vertices (which is why 
f L is only a seminorm), and, more generally, ( )S f2  is small 
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operator in differential geometric jargon) : ( (L LX X2 2"D ) ) is 
an operator,

 (f fdiv dD =- ), (14)

acting on scalar fields. Employing relation (13), it is easy to 
see that the Laplacian is self-adjoint (symmetric),

 , , , .f f f f f f( ( (L T L LX XX2 2 2d dG H G H G HD D= =) ))  (15)

The left-hand-side in (15) is known as the Dirichlet energy 
in physics and measures the smoothness of a scalar field on 
the manifold (see “Physical Interpretation of Laplacian Eigen-
functions”). The Laplacian can be interpreted as the differ-
ence between the average of a function on an infinitesimal 

Given a function f  on the domain ,X  the Dirichlet energy

 ( ) ( ) ( ) ( ) ,f f x dx f x f x dxDir
Tx

2

X X X
d Tf = =# #  (S1)

measures how smooth it is [the last identity in (S1) stems 
from (15)]. We are looking for an orthonormal basis on 
,X  containing k  smoothest possible functions (Figure S2), 

by solving the optimization problem
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In the discrete setting, when the domain is sampled at n  
points, (S2) can be rewritten as

 trace( ) ,Imin s.t.k k k k
Rk n k

TU U U U =<<

!U #
 (S3)

where ( , )k k0 1fz zU = - . The solution of (S3) is given by 
the first k  eigenvectors of T satisfying

 ,k k kTU U K=  (S4)

where diag( , , )k k0 1fm mK = -  is the diagonal matrix of 
cor responding e igenva lues .  The e igenva lues 
0 k0 1 1g# #m m m= -  are nonnegative due to the posi-
tive semidefiniteness of the Laplacian and can be inter-
preted as frequencies, where const0z =  with the 
corresponding eigenvalue 00m =  plays the role of the 
direct current component.

The Laplacian eigendecomposition can be carried out 
in two ways. First, (S4) can be rewritten as a general-
ized eigenproblem ( )D W Ak k kU U K- = , resulting in 
A -orthogonal eigenvectors, A Ik kU U =< . Alternatively, 
introducing a change of variables A /

k k
1 2W U= , we can 

obtain a standard eigendecomposition problem 
( )A D W A/ /

k k k
1 2 1 2W W K- =- -  with orthogonal eigen-

vectors Ik kW W =< . When A D=  is used, the matrix 
( )A D W A/ /1 2 1 2T = -- -  is referred to as the normalized 

symmetric Laplacian.
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GSP for Online DMS

GSP

a

GSP to exploit spectral 
properties

MAB
Exploration exploitation 
trade-off

Training data

GSP-Based MAB
▪ Data-efficiency: learn in a sparse 

domain 
▪ Accuracy: learning representation that 

preserves the geometry of the problem 
▪ Mathematical framework is missing 
▪ Not many works beyond smoothness 



• Graphs and Bandit 

• Importance of Graphs in Decision-Making 

• A Laplacian Perspective 

• Output and Intuitions 

• Conclusions

Outline

14



Recommendation Model

15

item 1

θ ∈ ℝd : user parameter vector
x ∈ ℝd : item feature vector

y :  linear payoff
η : σ − sub-Gaussian noise

y = x Tθ + η

Aim: Infer the best item by running a sequence of trials

item 2

?
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Aim: Infer the best item by running a sequence of trials

Well known bandit problem
with assumptions:                           
(i) stochasticity, (ii) i.i.d.,               
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item 2

?

? Our interest: 
multi-user (high-
dimensional) case

Today’s talk



Settings

17

• centralized agent 
• m arms and n users 
• users appearing uniformly at random 
• At round t, user it appears, and an agent 

‣ chooses an arm at       
‣ receives a reward yt = x T

at
θit + ηt

?

G

θ



Settings

17

• centralized agent 
• m arms and n users 
• users appearing uniformly at random 
• At round t, user it appears, and an agent 

‣ chooses an arm at       
‣ receives a reward yt = x T

at
θit + ηt

?

G

θ

• Sequential sampling strategy (bandit algorithm) 

 

• Goal: Maximize sum of rewards 

at+ 1 = Ft(i1, a1, y1, …, it, at, yt | it+ 1)

* [
T

∑
t= 1

yt]
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• combinatorial Laplacian of  

+ = (V, E, W) :
Wi, j = Wj,i : θi,j = θj,i

L = D − W : +

?

G

θ

Similarity captured in the latent space
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• User preferences mapped into a graph of similarities 

• Exploitation of smoothness prior

Θ = [θ1, θ2, . . . , θn]T ∈ ℝn×d : signal on graph

tr(ΘT-Θ) = 1
4

d

∑
k= 1

∑
i∼j (

Wij

Dii
+

Wji

Djj )(Θik − Θjk)2smoothness 
measure

G

θ

• Smoothness of  over graph  can be quantified using the Laplacian 
quadratic form 

• We express smoothness as a function of the random-walk Laplacian    

Θ +

ℒ = D− 1L with ℒii = 1 and ∑
j≠i

ℒji = − 1

• avoiding a regret scaling with Dii  
• achieving convexity property needed to bound the estimation error 
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+
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RT =
T

∑
t= 1

((x*t )Tθit − xT
t θit)

Θ̂t = arg min
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n

∑
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fidelity term smoothness regularizer

xi,t = arg max
(x,θ)∈ (2,3i,t)

xTθ

The agent selects sequential actions as follows 

confident set  ?



Problem Formulation
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Main Challenges 
• smoothness not imposed in the observation domain but in the 

representation one 

• no theoretical error bound for Laplacian regularized estimate 

• computational complexity 

Main Novelties 
• derivation single-user estimation error bound 

• proposed single-user UCB in bandit problem 

• low-complexity (local) algorithm 

• cumulative regret bound as a function of graph properties



Laplacian-regularized Estimator
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Θ̂t = arg min
Θ∈ℝn×d

n

∑
i= 1

∑
τ∈ ti

(xT
τ θi − yi,τ)2 + α tr(ΘT-Θ)

vec(Θ̂t) = (ΦtΦT
t + α- ⊗ I)− 1ΦtYt

where  is the Kronecker product, and  is a concatenation of column of ⊗ vec(Θ̂t) Θ̂t

Closed form solution

Manuscript under review by AISTATS 2019

where xt and x⇤
t are the arms selected by the learner

and the optimal strategy at t, respectively. For no-
tation convenience in the rest of the paper, at each
time step t, we use i to generally refer to the user ap-
peared and xt to represent the feature vector of the
arm selected.

4 Laplacian-regularized Estimator

To estimate the user parameter ⇥ at the decision op-
portunity t, we make use the Laplacian-regularized es-
timator to promote the smoothness:

⇥̂t = arg min
⇥2Rn⇥d

nX

i=1

X

⌧2ti

(xT
⌧ ✓i�yi,⌧ )

2+↵ tr(⇥TL⇥)

(4)
where ti is the set of time at which user i is served up to
time t. x⌧ is the feature of arm selected by the learner
and yi,⌧ is the payo↵ from user i and time ⌧ and ↵

is the regularizer parameter. Clearly, Eq. 4 is convex
and can be solved by convex optimization techniques.
Although not straightforward to see, it has a closed
form solution [Alvarez et al., 2012]:

vec(⇥̂t) = (�t�
T
t + ↵L⌦ I)�1�tYt (5)

where ⌦ is the Kronecker product, vec(⇥̂t) 2 Rnd is
the concatenation of the columns of ⇥̂t. I 2 Rd⇥d is
the identity matrix. Yt = [y1, y2, ..., yt]T 2 Rt is the
collection of all payo↵s, �t = [�1,�2, ...,�t] 2 Rnd⇥t,
where �t 2 Rnd, is a long spare vector indicating the
event that arm with feature xt is selected for user i.
Formally,

�
T
t = ( 0, ..., 0| {z }

(i�1)⇥d times

,xT
t , 0, ...0| {z }

(n�i)⇥d times

) (6)

Eq. 5 gives the closed form solution of ⇥̂t, but does not
provide a closed form solution of single-user estimation
✓̂i,t, i 2 [1, ..., n]. Mathematically, ✓̂i,t can be obtained
by decoupling Eq. 5. However, due to the inversion
(�t�

T
t +↵L⌦I)�1, such decoupling is non-trivial and

tedious. We notice that the single-user estimation ✓̂i,t

can be closely approximated by Lemma 1.

Lemma 1. ⇥̂t is obtained from Eq. 5, let ✓̂i,t be the

i-th row of ⇥̂t which is the estimate of ✓i. ✓̂i,t can be

approximated by :

✓̂i,t ⇡ A�1
i,t Xi,tYi,t � ↵A�1

i,t

nX

j=1

LijA
�1
j,tXj,tYj,t (7)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d
is the Gram ma-

trix of user i, Lij is the (i, j)-th element in L, Yi,t =
[yi,1, ..., yi,ti ] are the collection of payo↵s associated

with user i up to time t.

Proof. Appendix A.

Remark 1. We claim the approximation introduced

in Lemma 1 is tight. The detail proof is included in

Appendix A. Here, we sketch the basic idea. Lemma

1 is derived based on a Taylor expansion of the inver-

sion (�t�
T
t + ↵L ⌦ I)�1

in which we drop terms of

order higher than 2. Higher order terms contains the

Gram matrix A�1
i,t which decreases with growing t mak-

ing these terms negligible in comparison with lower or-

der terms. We also provide empirical evidence to show

the tightness of such approximation in Fig. 1-a.

4.1 Construction of Confidence Set

In this subsection, we define a confidence set to quan-
tify the uncertainty of estimation. ✓̂i,t 2 Rd is the

estimate of user i at time t. i.e, the i-th row of ⇥̂t. Let
⇤i,t 2 Rd⇥d be the precision matrix of ✓̂i,t. We can de-

fine a confidence set around ✓̂i,t based on Mahalanobis
distance [De Maesschalck et al., 2000] , which is com-
monly used in bandit literature [Dani et al., 2008,
Valko et al., 2013, Lattimore and Szepesvári, 2018].
Formally,

Ci,t = {✓i,t : ||✓̂i,t � ✓i,t||⇤i,t  �i,t} (8)

where �i,t is the upper bound of ||✓̂i,t � ✓i,t||⇤i,t . Let

⇤t 2 Rnd⇥nd denote the precision matrix of vec(⇥̂t) 2
Rnd. Note that ⇤i,t 2 Rd⇥d is the i-th block matrix
along the diagonal of ⇤t. So, ⇤i,t can be obtained
from ⇤t. Specifically,

Let define At = �t�T
t , L⌦ = L ⌦ I and Mt = At +

↵L⌦, Then
⇤t = MtA

�1
t Mt (9)

Then, ⇤i,t is

⇤i,t = Ai,t + 2↵LiiI+ ↵
2

nX

j=1

L
2
ijA

�1
j,t (10)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d, Lij is the (i, j)-
th element in L. The detail derive is included in the
Appendix B and C. Given Eq. 10, we can upper bound
the size of the confidence set defined in Eq. 8 which
gives the value of �i,t.

Lemma 2. ti is the set of time at which user i is

served up to time t. Ai,t =
P

⌧2ti
x⌧xT

⌧ , Vi,t =

Ai,t + ↵LiiI, ⇠i,t =
P

⌧2ti
xi,⌧⌘i,⌧ , I 2 Rd⇥d

is the

identity matrix. ⇤i,t is defined in Eq. 10. Denote

�i =
Pn

j=1 Lij✓j, the size of the confidence set de-

fined in Eq. 8 satisfies the following upper bound with

probability 1� � with � 2 [0, 1].

||✓̂i,t � ✓i||⇤i,t  �

s

2 log
|Vi,t|

1/2

�|↵I|1/2
+
p
↵||�i||2 (11)
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where xt and x⇤
t are the arms selected by the learner

and the optimal strategy at t, respectively. For no-
tation convenience in the rest of the paper, at each
time step t, we use i to generally refer to the user ap-
peared and xt to represent the feature vector of the
arm selected.

4 Laplacian-regularized Estimator

To estimate the user parameter ⇥ at the decision op-
portunity t, we make use the Laplacian-regularized es-
timator to promote the smoothness:

⇥̂t = arg min
⇥2Rn⇥d

nX
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X

⌧2ti

(xT
⌧ ✓i�yi,⌧ )

2+↵ tr(⇥TL⇥)

(4)
where ti is the set of time at which user i is served up to
time t. x⌧ is the feature of arm selected by the learner
and yi,⌧ is the payo↵ from user i and time ⌧ and ↵

is the regularizer parameter. Clearly, Eq. 4 is convex
and can be solved by convex optimization techniques.
Although not straightforward to see, it has a closed
form solution [Alvarez et al., 2012]:

vec(⇥̂t) = (�t�
T
t + ↵L⌦ I)�1�tYt (5)

where ⌦ is the Kronecker product, vec(⇥̂t) 2 Rnd is
the concatenation of the columns of ⇥̂t. I 2 Rd⇥d is
the identity matrix. Yt = [y1, y2, ..., yt]T 2 Rt is the
collection of all payo↵s, �t = [�1,�2, ...,�t] 2 Rnd⇥t,
where �t 2 Rnd, is a long spare vector indicating the
event that arm with feature xt is selected for user i.
Formally,

�
T
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,xT
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) (6)

Eq. 5 gives the closed form solution of ⇥̂t, but does not
provide a closed form solution of single-user estimation
✓̂i,t, i 2 [1, ..., n]. Mathematically, ✓̂i,t can be obtained
by decoupling Eq. 5. However, due to the inversion
(�t�

T
t +↵L⌦I)�1, such decoupling is non-trivial and

tedious. We notice that the single-user estimation ✓̂i,t

can be closely approximated by Lemma 1.

Lemma 1. ⇥̂t is obtained from Eq. 5, let ✓̂i,t be the

i-th row of ⇥̂t which is the estimate of ✓i. ✓̂i,t can be
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trix of user i, Lij is the (i, j)-th element in L, Yi,t =
[yi,1, ..., yi,ti ] are the collection of payo↵s associated

with user i up to time t.

Proof. Appendix A.

Remark 1. We claim the approximation introduced

in Lemma 1 is tight. The detail proof is included in

Appendix A. Here, we sketch the basic idea. Lemma

1 is derived based on a Taylor expansion of the inver-
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in which we drop terms of

order higher than 2. Higher order terms contains the

Gram matrix A�1
i,t which decreases with growing t mak-

ing these terms negligible in comparison with lower or-

der terms. We also provide empirical evidence to show

the tightness of such approximation in Fig. 1-a.

4.1 Construction of Confidence Set

In this subsection, we define a confidence set to quan-
tify the uncertainty of estimation. ✓̂i,t 2 Rd is the

estimate of user i at time t. i.e, the i-th row of ⇥̂t. Let
⇤i,t 2 Rd⇥d be the precision matrix of ✓̂i,t. We can de-

fine a confidence set around ✓̂i,t based on Mahalanobis
distance [De Maesschalck et al., 2000] , which is com-
monly used in bandit literature [Dani et al., 2008,
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from ⇤t. Specifically,

Let define At = �t�T
t , L⌦ = L ⌦ I and Mt = At +

↵L⌦, Then
⇤t = MtA

�1
t Mt (9)

Then, ⇤i,t is

⇤i,t = Ai,t + 2↵LiiI+ ↵
2

nX

j=1

L
2
ijA

�1
j,t (10)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d, Lij is the (i, j)-
th element in L. The detail derive is included in the
Appendix B and C. Given Eq. 10, we can upper bound
the size of the confidence set defined in Eq. 8 which
gives the value of �i,t.
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served up to time t. Ai,t =
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is the

identity matrix. ⇤i,t is defined in Eq. 10. Denote
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where xt and x⇤
t are the arms selected by the learner

and the optimal strategy at t, respectively. For no-
tation convenience in the rest of the paper, at each
time step t, we use i to generally refer to the user ap-
peared and xt to represent the feature vector of the
arm selected.

4 Laplacian-regularized Estimator

To estimate the user parameter ⇥ at the decision op-
portunity t, we make use the Laplacian-regularized es-
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where ti is the set of time at which user i is served up to
time t. x⌧ is the feature of arm selected by the learner
and yi,⌧ is the payo↵ from user i and time ⌧ and ↵

is the regularizer parameter. Clearly, Eq. 4 is convex
and can be solved by convex optimization techniques.
Although not straightforward to see, it has a closed
form solution [Alvarez et al., 2012]:

vec(⇥̂t) = (�t�
T
t + ↵L⌦ I)�1�tYt (5)

where ⌦ is the Kronecker product, vec(⇥̂t) 2 Rnd is
the concatenation of the columns of ⇥̂t. I 2 Rd⇥d is
the identity matrix. Yt = [y1, y2, ..., yt]T 2 Rt is the
collection of all payo↵s, �t = [�1,�2, ...,�t] 2 Rnd⇥t,
where �t 2 Rnd, is a long spare vector indicating the
event that arm with feature xt is selected for user i.
Formally,
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(i�1)⇥d times
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t , 0, ...0| {z }

(n�i)⇥d times

) (6)

Eq. 5 gives the closed form solution of ⇥̂t, but does not
provide a closed form solution of single-user estimation
✓̂i,t, i 2 [1, ..., n]. Mathematically, ✓̂i,t can be obtained
by decoupling Eq. 5. However, due to the inversion
(�t�

T
t +↵L⌦I)�1, such decoupling is non-trivial and

tedious. We notice that the single-user estimation ✓̂i,t

can be closely approximated by Lemma 1.

Lemma 1. ⇥̂t is obtained from Eq. 5, let ✓̂i,t be the

i-th row of ⇥̂t which is the estimate of ✓i. ✓̂i,t can be

approximated by :
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where Ai,t =
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is the Gram ma-

trix of user i, Lij is the (i, j)-th element in L, Yi,t =
[yi,1, ..., yi,ti ] are the collection of payo↵s associated

with user i up to time t.

Proof. Appendix A.

Remark 1. We claim the approximation introduced

in Lemma 1 is tight. The detail proof is included in

Appendix A. Here, we sketch the basic idea. Lemma

1 is derived based on a Taylor expansion of the inver-

sion (�t�
T
t + ↵L ⌦ I)�1

in which we drop terms of

order higher than 2. Higher order terms contains the

Gram matrix A�1
i,t which decreases with growing t mak-

ing these terms negligible in comparison with lower or-

der terms. We also provide empirical evidence to show

the tightness of such approximation in Fig. 1-a.

4.1 Construction of Confidence Set

In this subsection, we define a confidence set to quan-
tify the uncertainty of estimation. ✓̂i,t 2 Rd is the

estimate of user i at time t. i.e, the i-th row of ⇥̂t. Let
⇤i,t 2 Rd⇥d be the precision matrix of ✓̂i,t. We can de-

fine a confidence set around ✓̂i,t based on Mahalanobis
distance [De Maesschalck et al., 2000] , which is com-
monly used in bandit literature [Dani et al., 2008,
Valko et al., 2013, Lattimore and Szepesvári, 2018].
Formally,

Ci,t = {✓i,t : ||✓̂i,t � ✓i,t||⇤i,t  �i,t} (8)

where �i,t is the upper bound of ||✓̂i,t � ✓i,t||⇤i,t . Let

⇤t 2 Rnd⇥nd denote the precision matrix of vec(⇥̂t) 2
Rnd. Note that ⇤i,t 2 Rd⇥d is the i-th block matrix
along the diagonal of ⇤t. So, ⇤i,t can be obtained
from ⇤t. Specifically,

Let define At = �t�T
t , L⌦ = L ⌦ I and Mt = At +

↵L⌦, Then
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where Ai,t =
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⌧ 2 Rd⇥d, Lij is the (i, j)-
th element in L. The detail derive is included in the
Appendix B and C. Given Eq. 10, we can upper bound
the size of the confidence set defined in Eq. 8 which
gives the value of �i,t.

Lemma 2. ti is the set of time at which user i is

served up to time t. Ai,t =
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P

⌧2ti
xi,⌧⌘i,⌧ , I 2 Rd⇥d

is the

identity matrix. ⇤i,t is defined in Eq. 10. Denote
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fined in Eq. 8 satisfies the following upper bound with
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where xt and x⇤
t are the arms selected by the learner

and the optimal strategy at t, respectively. For no-
tation convenience in the rest of the paper, at each
time step t, we use i to generally refer to the user ap-
peared and xt to represent the feature vector of the
arm selected.

4 Laplacian-regularized Estimator

To estimate the user parameter ⇥ at the decision op-
portunity t, we make use the Laplacian-regularized es-
timator to promote the smoothness:

⇥̂t = arg min
⇥2Rn⇥d
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⌧ ✓i�yi,⌧ )

2+↵ tr(⇥TL⇥)

(4)
where ti is the set of time at which user i is served up to
time t. x⌧ is the feature of arm selected by the learner
and yi,⌧ is the payo↵ from user i and time ⌧ and ↵

is the regularizer parameter. Clearly, Eq. 4 is convex
and can be solved by convex optimization techniques.
Although not straightforward to see, it has a closed
form solution [Alvarez et al., 2012]:

vec(⇥̂t) = (�t�
T
t + ↵L⌦ I)�1�tYt (5)

where ⌦ is the Kronecker product, vec(⇥̂t) 2 Rnd is
the concatenation of the columns of ⇥̂t. I 2 Rd⇥d is
the identity matrix. Yt = [y1, y2, ..., yt]T 2 Rt is the
collection of all payo↵s, �t = [�1,�2, ...,�t] 2 Rnd⇥t,
where �t 2 Rnd, is a long spare vector indicating the
event that arm with feature xt is selected for user i.
Formally,

�
T
t = ( 0, ..., 0| {z }

(i�1)⇥d times

,xT
t , 0, ...0| {z }

(n�i)⇥d times

) (6)

Eq. 5 gives the closed form solution of ⇥̂t, but does not
provide a closed form solution of single-user estimation
✓̂i,t, i 2 [1, ..., n]. Mathematically, ✓̂i,t can be obtained
by decoupling Eq. 5. However, due to the inversion
(�t�

T
t +↵L⌦I)�1, such decoupling is non-trivial and

tedious. We notice that the single-user estimation ✓̂i,t

can be closely approximated by Lemma 1.

Lemma 1. ⇥̂t is obtained from Eq. 5, let ✓̂i,t be the

i-th row of ⇥̂t which is the estimate of ✓i. ✓̂i,t can be

approximated by :

✓̂i,t ⇡ A�1
i,t Xi,tYi,t � ↵A�1

i,t
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j=1

LijA
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j,tXj,tYj,t (7)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d
is the Gram ma-

trix of user i, Lij is the (i, j)-th element in L, Yi,t =
[yi,1, ..., yi,ti ] are the collection of payo↵s associated

with user i up to time t.

Proof. Appendix A.

Remark 1. We claim the approximation introduced

in Lemma 1 is tight. The detail proof is included in

Appendix A. Here, we sketch the basic idea. Lemma

1 is derived based on a Taylor expansion of the inver-

sion (�t�
T
t + ↵L ⌦ I)�1

in which we drop terms of

order higher than 2. Higher order terms contains the

Gram matrix A�1
i,t which decreases with growing t mak-

ing these terms negligible in comparison with lower or-

der terms. We also provide empirical evidence to show

the tightness of such approximation in Fig. 1-a.

4.1 Construction of Confidence Set

In this subsection, we define a confidence set to quan-
tify the uncertainty of estimation. ✓̂i,t 2 Rd is the

estimate of user i at time t. i.e, the i-th row of ⇥̂t. Let
⇤i,t 2 Rd⇥d be the precision matrix of ✓̂i,t. We can de-

fine a confidence set around ✓̂i,t based on Mahalanobis
distance [De Maesschalck et al., 2000] , which is com-
monly used in bandit literature [Dani et al., 2008,
Valko et al., 2013, Lattimore and Szepesvári, 2018].
Formally,

Ci,t = {✓i,t : ||✓̂i,t � ✓i,t||⇤i,t  �i,t} (8)

where �i,t is the upper bound of ||✓̂i,t � ✓i,t||⇤i,t . Let

⇤t 2 Rnd⇥nd denote the precision matrix of vec(⇥̂t) 2
Rnd. Note that ⇤i,t 2 Rd⇥d is the i-th block matrix
along the diagonal of ⇤t. So, ⇤i,t can be obtained
from ⇤t. Specifically,

Let define At = �t�T
t , L⌦ = L ⌦ I and Mt = At +

↵L⌦, Then
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Then, ⇤i,t is
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where Ai,t =
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⌧ 2 Rd⇥d, Lij is the (i, j)-
th element in L. The detail derive is included in the
Appendix B and C. Given Eq. 10, we can upper bound
the size of the confidence set defined in Eq. 8 which
gives the value of �i,t.

Lemma 2. ti is the set of time at which user i is

served up to time t. Ai,t =
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where xt and x⇤
t are the arms selected by the learner

and the optimal strategy at t, respectively. For no-
tation convenience in the rest of the paper, at each
time step t, we use i to generally refer to the user ap-
peared and xt to represent the feature vector of the
arm selected.

4 Laplacian-regularized Estimator

To estimate the user parameter ⇥ at the decision op-
portunity t, we make use the Laplacian-regularized es-
timator to promote the smoothness:
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where ti is the set of time at which user i is served up to
time t. x⌧ is the feature of arm selected by the learner
and yi,⌧ is the payo↵ from user i and time ⌧ and ↵

is the regularizer parameter. Clearly, Eq. 4 is convex
and can be solved by convex optimization techniques.
Although not straightforward to see, it has a closed
form solution [Alvarez et al., 2012]:

vec(⇥̂t) = (�t�
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where ⌦ is the Kronecker product, vec(⇥̂t) 2 Rnd is
the concatenation of the columns of ⇥̂t. I 2 Rd⇥d is
the identity matrix. Yt = [y1, y2, ..., yt]T 2 Rt is the
collection of all payo↵s, �t = [�1,�2, ...,�t] 2 Rnd⇥t,
where �t 2 Rnd, is a long spare vector indicating the
event that arm with feature xt is selected for user i.
Formally,
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(i�1)⇥d times
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t , 0, ...0| {z }

(n�i)⇥d times
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Eq. 5 gives the closed form solution of ⇥̂t, but does not
provide a closed form solution of single-user estimation
✓̂i,t, i 2 [1, ..., n]. Mathematically, ✓̂i,t can be obtained
by decoupling Eq. 5. However, due to the inversion
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t +↵L⌦I)�1, such decoupling is non-trivial and

tedious. We notice that the single-user estimation ✓̂i,t

can be closely approximated by Lemma 1.

Lemma 1. ⇥̂t is obtained from Eq. 5, let ✓̂i,t be the

i-th row of ⇥̂t which is the estimate of ✓i. ✓̂i,t can be
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✓̂i,t ⇡ A�1
i,t Xi,tYi,t � ↵A�1

i,t

nX

j=1

LijA
�1
j,tXj,tYj,t (7)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d
is the Gram ma-

trix of user i, Lij is the (i, j)-th element in L, Yi,t =
[yi,1, ..., yi,ti ] are the collection of payo↵s associated

with user i up to time t.

Proof. Appendix A.

Remark 1. We claim the approximation introduced

in Lemma 1 is tight. The detail proof is included in
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sion (�t�
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i,t which decreases with growing t mak-

ing these terms negligible in comparison with lower or-

der terms. We also provide empirical evidence to show

the tightness of such approximation in Fig. 1-a.
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In this subsection, we define a confidence set to quan-
tify the uncertainty of estimation. ✓̂i,t 2 Rd is the

estimate of user i at time t. i.e, the i-th row of ⇥̂t. Let
⇤i,t 2 Rd⇥d be the precision matrix of ✓̂i,t. We can de-

fine a confidence set around ✓̂i,t based on Mahalanobis
distance [De Maesschalck et al., 2000] , which is com-
monly used in bandit literature [Dani et al., 2008,
Valko et al., 2013, Lattimore and Szepesvári, 2018].
Formally,
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where �i,t is the upper bound of ||✓̂i,t � ✓i,t||⇤i,t . Let
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gives the value of �i,t.
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where xt and x⇤
t are the arms selected by the learner

and the optimal strategy at t, respectively. For no-
tation convenience in the rest of the paper, at each
time step t, we use i to generally refer to the user ap-
peared and xt to represent the feature vector of the
arm selected.

4 Laplacian-regularized Estimator

To estimate the user parameter ⇥ at the decision op-
portunity t, we make use the Laplacian-regularized es-
timator to promote the smoothness:
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where ti is the set of time at which user i is served up to
time t. x⌧ is the feature of arm selected by the learner
and yi,⌧ is the payo↵ from user i and time ⌧ and ↵

is the regularizer parameter. Clearly, Eq. 4 is convex
and can be solved by convex optimization techniques.
Although not straightforward to see, it has a closed
form solution [Alvarez et al., 2012]:

vec(⇥̂t) = (�t�
T
t + ↵L⌦ I)�1�tYt (5)

where ⌦ is the Kronecker product, vec(⇥̂t) 2 Rnd is
the concatenation of the columns of ⇥̂t. I 2 Rd⇥d is
the identity matrix. Yt = [y1, y2, ..., yt]T 2 Rt is the
collection of all payo↵s, �t = [�1,�2, ...,�t] 2 Rnd⇥t,
where �t 2 Rnd, is a long spare vector indicating the
event that arm with feature xt is selected for user i.
Formally,

�
T
t = ( 0, ..., 0| {z }

(i�1)⇥d times

,xT
t , 0, ...0| {z }

(n�i)⇥d times

) (6)

Eq. 5 gives the closed form solution of ⇥̂t, but does not
provide a closed form solution of single-user estimation
✓̂i,t, i 2 [1, ..., n]. Mathematically, ✓̂i,t can be obtained
by decoupling Eq. 5. However, due to the inversion
(�t�

T
t +↵L⌦I)�1, such decoupling is non-trivial and

tedious. We notice that the single-user estimation ✓̂i,t

can be closely approximated by Lemma 1.

Lemma 1. ⇥̂t is obtained from Eq. 5, let ✓̂i,t be the

i-th row of ⇥̂t which is the estimate of ✓i. ✓̂i,t can be

approximated by :

✓̂i,t ⇡ A�1
i,t Xi,tYi,t � ↵A�1

i,t

nX

j=1

LijA
�1
j,tXj,tYj,t (7)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d
is the Gram ma-

trix of user i, Lij is the (i, j)-th element in L, Yi,t =
[yi,1, ..., yi,ti ] are the collection of payo↵s associated

with user i up to time t.

Proof. Appendix A.

Remark 1. We claim the approximation introduced

in Lemma 1 is tight. The detail proof is included in

Appendix A. Here, we sketch the basic idea. Lemma

1 is derived based on a Taylor expansion of the inver-

sion (�t�
T
t + ↵L ⌦ I)�1

in which we drop terms of

order higher than 2. Higher order terms contains the

Gram matrix A�1
i,t which decreases with growing t mak-

ing these terms negligible in comparison with lower or-

der terms. We also provide empirical evidence to show

the tightness of such approximation in Fig. 1-a.

4.1 Construction of Confidence Set

In this subsection, we define a confidence set to quan-
tify the uncertainty of estimation. ✓̂i,t 2 Rd is the

estimate of user i at time t. i.e, the i-th row of ⇥̂t. Let
⇤i,t 2 Rd⇥d be the precision matrix of ✓̂i,t. We can de-

fine a confidence set around ✓̂i,t based on Mahalanobis
distance [De Maesschalck et al., 2000] , which is com-
monly used in bandit literature [Dani et al., 2008,
Valko et al., 2013, Lattimore and Szepesvári, 2018].
Formally,

Ci,t = {✓i,t : ||✓̂i,t � ✓i,t||⇤i,t  �i,t} (8)

where �i,t is the upper bound of ||✓̂i,t � ✓i,t||⇤i,t . Let

⇤t 2 Rnd⇥nd denote the precision matrix of vec(⇥̂t) 2
Rnd. Note that ⇤i,t 2 Rd⇥d is the i-th block matrix
along the diagonal of ⇤t. So, ⇤i,t can be obtained
from ⇤t. Specifically,

Let define At = �t�T
t , L⌦ = L ⌦ I and Mt = At +

↵L⌦, Then
⇤t = MtA

�1
t Mt (9)

Then, ⇤i,t is
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where Ai,t =
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⌧ 2 Rd⇥d, Lij is the (i, j)-
th element in L. The detail derive is included in the
Appendix B and C. Given Eq. 10, we can upper bound
the size of the confidence set defined in Eq. 8 which
gives the value of �i,t.

Lemma 2. ti is the set of time at which user i is

served up to time t. Ai,t =
P

⌧2ti
x⌧xT

⌧ , Vi,t =

Ai,t + ↵LiiI, ⇠i,t =
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is the

identity matrix. ⇤i,t is defined in Eq. 10. Denote

�i =
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j=1 Lij✓j, the size of the confidence set de-

fined in Eq. 8 satisfies the following upper bound with
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Eq. 5 gives the closed form solution of ⇥̂t, but does not
provide a closed form solution of single-user estimation
✓̂i,t, i 2 [1, ..., n]. Mathematically, ✓̂i,t can be obtained
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in Lemma 1 is tight. The detail proof is included in
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Formally,

Ci,t = {✓i,t : ||✓̂i,t � ✓i,t||⇤i,t  �i,t} (8)

where �i,t is the upper bound of ||✓̂i,t � ✓i,t||⇤i,t . Let

⇤t 2 Rnd⇥nd denote the precision matrix of vec(⇥̂t) 2
Rnd. Note that ⇤i,t 2 Rd⇥d is the i-th block matrix
along the diagonal of ⇤t. So, ⇤i,t can be obtained
from ⇤t. Specifically,

Let define At = �t�T
t , L⌦ = L ⌦ I and Mt = At +

↵L⌦, Then
⇤t = MtA

�1
t Mt (9)

Then, ⇤i,t is

⇤i,t = Ai,t + 2↵LiiI+ ↵
2

nX

j=1

L
2
ijA

�1
j,t (10)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d, Lij is the (i, j)-
th element in L. The detail derive is included in the
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tation convenience in the rest of the paper, at each
time step t, we use i to generally refer to the user ap-
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time t. x⌧ is the feature of arm selected by the learner
and yi,⌧ is the payo↵ from user i and time ⌧ and ↵

is the regularizer parameter. Clearly, Eq. 4 is convex
and can be solved by convex optimization techniques.
Although not straightforward to see, it has a closed
form solution [Alvarez et al., 2012]:
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Eq. 5 gives the closed form solution of ⇥̂t, but does not
provide a closed form solution of single-user estimation
✓̂i,t, i 2 [1, ..., n]. Mathematically, ✓̂i,t can be obtained
by decoupling Eq. 5. However, due to the inversion
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t +↵L⌦I)�1, such decoupling is non-trivial and

tedious. We notice that the single-user estimation ✓̂i,t

can be closely approximated by Lemma 1.

Lemma 1. ⇥̂t is obtained from Eq. 5, let ✓̂i,t be the

i-th row of ⇥̂t which is the estimate of ✓i. ✓̂i,t can be
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trix of user i, Lij is the (i, j)-th element in L, Yi,t =
[yi,1, ..., yi,ti ] are the collection of payo↵s associated

with user i up to time t.

Proof. Appendix A.
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in Lemma 1 is tight. The detail proof is included in
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1 is derived based on a Taylor expansion of the inver-

sion (�t�
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order higher than 2. Higher order terms contains the
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i,t which decreases with growing t mak-

ing these terms negligible in comparison with lower or-
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xi,⌧⌘i,⌧ , I 2 Rd⇥d
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identity matrix. ⇤i,t is defined in Eq. 10. Denote
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Which means

�i,t = �

s

2 log
|Vi,t|

1/2

�|↵I|1/2
+
p
↵||�i||2 (12)

Proof. Appendix D.

Remark 2. The graph structure is included in the

term �i =
Pn

i=1 Lij✓j. We provide the intuition

underlying this term and explain the e↵ect of graph

structure on it. First, notice that Lii = 1, Lij  0
and

P
j 6=i�Lij = 1. So, �i =

Pn
i=1 Lij✓j =

✓i�
P

j 6=i�Lij✓j measures the di↵erence between user

feature ✓i and the weighted average of its neighborsP
j 6=i�Lij✓j. To show the e↵ect of graph structure,

we consider two extreme cases. a), fully connected

graph with Wij = 1 which means Lii = 1, Lij = 1
n�1

and ✓i = ✓j. In this case, �i = ✓i �
n�1
n�1✓i = 0.

b), empty graph, i.e., Lii = 1 and Lij = 0, in this

case �i = ✓i. This case recovers the confidence set

used in LinUCB [Abbasi-Yadkori et al., 2011]. In be-

tween, �i depends the similarity (smoothness) between

✓i and its neighbors ✓j , j 6= i. In summary, depending

the graph structure, ||�i||2 ranges between [0, ||✓i||2].
We provide empirical evidence on �i over di↵erent

level of smoothness in Fig. 1-a.

Remark 3. Given �i, we are ready to motivate the

choose of the random-walk normalized Laplacian L
instead of other commonly used Laplaicans. Specifi-

cally, If the combinatorial Laplacian L is used in the

Laplacian-regularized estimator in Eq. 4, the term

�i = Dii(✓i +
P

j 6=i
Wij

Dii
✓j) will scale with the de-

gree Dii of each user i, which results in a regret scales

with Dii. (This is the drawback of Gob.Lin which

employs L). In addition, the regularized level of each

user will be ↵Dii which is not homogeneous across all

user. In the other case, if the symmetric normalized

Laplacian Lnorm is used, the term
P

j 6=i Lnorm,ij✓j

in �i = ✓i +
P

j 6=i Lnorm,ij✓j with not be a convex

combination of ✓j , j 6= i, which could result in a �i

locate outside the Euclidean ball defined by ||✓j ||2 

1, 8j 2 [1, ..., n]. This could also lead to unbounded re-

gret. In contrast, the two unique properties Lii = 1
and

P
j 6=i�Lij = 1 of the random-walk normalized

Laplacian L makes sure the regret is bounded and a

homogeneous level of regularized accross users.

5 Algorithms

With the above analysis, we are ready to introduce the
key ingredient of our bandit algorithms, the arm se-
lection principle which is based on the principle called
optimism in the face of uncertainty [Lai et al., 1987].
The basic idea is selecting arm taking into account the
uncertainty of the estimation ✓̂i,t which is quantified

Algorithm 1: GraphUCB

Input : ↵, T , L, �
Initialization : For any i 2 {1, 2, ..., n}
✓̂0,i = 0 2 Rd, ⇤0,i = 0 2 Rd⇥d,
A0,i = 0 2 Rd⇥d, �i,t = 0.

for t 2 [1, T ] do
User index it is selected
1. Ai,t  Ai,t�1 + xi,t�1xT

i,t�1 if i = it.
2. Aj,t  Aj,t�1, 8j 6= it.
3. Update ⇤i,t via Eq. 10.
4. Select xi,t via Eq. 13

where �i,t is defined in Eq. 12.
5. Receive the payo↵ yi,t.

6. Update ⇥̂t via Eq. 4.
end

by the confidence set Ci,t. Formally, at time t, user
index it is selected. For user i = it, the learner selects
one arm from the arm set D following

xi,t = arg max
(x,✓)2(D,Ci,t)

xT✓

= argmax
x2D

xT ✓̂i,t + �i,t||x||⇤�1
i,t

(13)

The first algorithm we propose is GraphUCB
sketched in Algorithm 1. Here, we use the Lapla-
cian regularized estimator Eq. 4 and the arm selec-
tion principle Eq. 13. Formally, at each time t, user
index it is selected. For user i = it, the algorithm
first updates ⇤i,t based on the Gram matrix Ai,t and
Aj,t. Then, it selects one arm xi,t from the arm set D
by following Eq. 13. Upon receiving a payo↵ yi,t, it

updates the feature of all users ⇥̂t by solving Eq. 4.
The process continues to time t+ 1. Note that in Eq.
12, the term �i is defined based on unknown ground-
truth ✓i and ✓j . In practice, we replace �i with its

empirical counterpart �̂i,t =
Pn

j=1 Lij ✓̂j,t where ✓̂j,t

is the j-th row of ⇥̂t.

One issue of GraphUCB is its high computational
complexity. Specifically, to solve Eq. 4, the running
time is dominated by the inversion (�t�

T
t +↵L⌦I)�1,

which is in the order O(n2
d
2). This is impractical

when the user number n is large. Recall that in the
learning setting, at each time t, only one user is se-
lected. Thus, updating ✓̂i,t, i = it only is su�cient.
So, we propose Lemma 1 which can be used in place
of Eq. 4 to estimate ✓̂i,t resulting a significant reduc-
tion in computation complexity.

Clearly, the computation complexity of Lemma 1 is
dominated by the inversion of (Ai,t+↵LiiI)�1 or A�1

j,t ,

which is in the order ofO(d2). Since Lemma 1 contains
n such inversion, the total complexity is O(nd2). This

Manuscript under review by AISTATS 2019

where xt and x⇤
t are the arms selected by the learner

and the optimal strategy at t, respectively. For no-
tation convenience in the rest of the paper, at each
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where ti is the set of time at which user i is served up to
time t. x⌧ is the feature of arm selected by the learner
and yi,⌧ is the payo↵ from user i and time ⌧ and ↵

is the regularizer parameter. Clearly, Eq. 4 is convex
and can be solved by convex optimization techniques.
Although not straightforward to see, it has a closed
form solution [Alvarez et al., 2012]:

vec(⇥̂t) = (�t�
T
t + ↵L⌦ I)�1�tYt (5)

where ⌦ is the Kronecker product, vec(⇥̂t) 2 Rnd is
the concatenation of the columns of ⇥̂t. I 2 Rd⇥d is
the identity matrix. Yt = [y1, y2, ..., yt]T 2 Rt is the
collection of all payo↵s, �t = [�1,�2, ...,�t] 2 Rnd⇥t,
where �t 2 Rnd, is a long spare vector indicating the
event that arm with feature xt is selected for user i.
Formally,
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(i�1)⇥d times
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t , 0, ...0| {z }

(n�i)⇥d times
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Eq. 5 gives the closed form solution of ⇥̂t, but does not
provide a closed form solution of single-user estimation
✓̂i,t, i 2 [1, ..., n]. Mathematically, ✓̂i,t can be obtained
by decoupling Eq. 5. However, due to the inversion
(�t�

T
t +↵L⌦I)�1, such decoupling is non-trivial and

tedious. We notice that the single-user estimation ✓̂i,t

can be closely approximated by Lemma 1.

Lemma 1. ⇥̂t is obtained from Eq. 5, let ✓̂i,t be the

i-th row of ⇥̂t which is the estimate of ✓i. ✓̂i,t can be

approximated by :

✓̂i,t ⇡ A�1
i,t Xi,tYi,t � ↵A�1

i,t

nX

j=1

LijA
�1
j,tXj,tYj,t (7)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d
is the Gram ma-

trix of user i, Lij is the (i, j)-th element in L, Yi,t =
[yi,1, ..., yi,ti ] are the collection of payo↵s associated

with user i up to time t.

Proof. Appendix A.

Remark 1. We claim the approximation introduced

in Lemma 1 is tight. The detail proof is included in

Appendix A. Here, we sketch the basic idea. Lemma

1 is derived based on a Taylor expansion of the inver-

sion (�t�
T
t + ↵L ⌦ I)�1

in which we drop terms of

order higher than 2. Higher order terms contains the

Gram matrix A�1
i,t which decreases with growing t mak-

ing these terms negligible in comparison with lower or-

der terms. We also provide empirical evidence to show

the tightness of such approximation in Fig. 1-a.

4.1 Construction of Confidence Set

In this subsection, we define a confidence set to quan-
tify the uncertainty of estimation. ✓̂i,t 2 Rd is the

estimate of user i at time t. i.e, the i-th row of ⇥̂t. Let
⇤i,t 2 Rd⇥d be the precision matrix of ✓̂i,t. We can de-

fine a confidence set around ✓̂i,t based on Mahalanobis
distance [De Maesschalck et al., 2000] , which is com-
monly used in bandit literature [Dani et al., 2008,
Valko et al., 2013, Lattimore and Szepesvári, 2018].
Formally,

Ci,t = {✓i,t : ||✓̂i,t � ✓i,t||⇤i,t  �i,t} (8)

where �i,t is the upper bound of ||✓̂i,t � ✓i,t||⇤i,t . Let

⇤t 2 Rnd⇥nd denote the precision matrix of vec(⇥̂t) 2
Rnd. Note that ⇤i,t 2 Rd⇥d is the i-th block matrix
along the diagonal of ⇤t. So, ⇤i,t can be obtained
from ⇤t. Specifically,

Let define At = �t�T
t , L⌦ = L ⌦ I and Mt = At +

↵L⌦, Then
⇤t = MtA

�1
t Mt (9)

Then, ⇤i,t is

⇤i,t = Ai,t + 2↵LiiI+ ↵
2

nX

j=1

L
2
ijA

�1
j,t (10)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d, Lij is the (i, j)-
th element in L. The detail derive is included in the
Appendix B and C. Given Eq. 10, we can upper bound
the size of the confidence set defined in Eq. 8 which
gives the value of �i,t.

Lemma 2. ti is the set of time at which user i is

served up to time t. Ai,t =
P

⌧2ti
x⌧xT

⌧ , Vi,t =

Ai,t + ↵LiiI, ⇠i,t =
P

⌧2ti
xi,⌧⌘i,⌧ , I 2 Rd⇥d

is the

identity matrix. ⇤i,t is defined in Eq. 10. Denote

�i =
Pn

j=1 Lij✓j, the size of the confidence set de-

fined in Eq. 8 satisfies the following upper bound with

probability 1� � with � 2 [0, 1].

||✓̂i,t � ✓i||⇤i,t  �

s

2 log
|Vi,t|

1/2

�|↵I|1/2
+
p
↵||�i||2 (11)
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where xt and x⇤
t are the arms selected by the learner

and the optimal strategy at t, respectively. For no-
tation convenience in the rest of the paper, at each
time step t, we use i to generally refer to the user ap-
peared and xt to represent the feature vector of the
arm selected.

4 Laplacian-regularized Estimator

To estimate the user parameter ⇥ at the decision op-
portunity t, we make use the Laplacian-regularized es-
timator to promote the smoothness:

⇥̂t = arg min
⇥2Rn⇥d

nX

i=1

X

⌧2ti

(xT
⌧ ✓i�yi,⌧ )

2+↵ tr(⇥TL⇥)

(4)
where ti is the set of time at which user i is served up to
time t. x⌧ is the feature of arm selected by the learner
and yi,⌧ is the payo↵ from user i and time ⌧ and ↵

is the regularizer parameter. Clearly, Eq. 4 is convex
and can be solved by convex optimization techniques.
Although not straightforward to see, it has a closed
form solution [Alvarez et al., 2012]:

vec(⇥̂t) = (�t�
T
t + ↵L⌦ I)�1�tYt (5)

where ⌦ is the Kronecker product, vec(⇥̂t) 2 Rnd is
the concatenation of the columns of ⇥̂t. I 2 Rd⇥d is
the identity matrix. Yt = [y1, y2, ..., yt]T 2 Rt is the
collection of all payo↵s, �t = [�1,�2, ...,�t] 2 Rnd⇥t,
where �t 2 Rnd, is a long spare vector indicating the
event that arm with feature xt is selected for user i.
Formally,

�
T
t = ( 0, ..., 0| {z }

(i�1)⇥d times

,xT
t , 0, ...0| {z }

(n�i)⇥d times

) (6)

Eq. 5 gives the closed form solution of ⇥̂t, but does not
provide a closed form solution of single-user estimation
✓̂i,t, i 2 [1, ..., n]. Mathematically, ✓̂i,t can be obtained
by decoupling Eq. 5. However, due to the inversion
(�t�

T
t +↵L⌦I)�1, such decoupling is non-trivial and

tedious. We notice that the single-user estimation ✓̂i,t

can be closely approximated by Lemma 1.

Lemma 1. ⇥̂t is obtained from Eq. 5, let ✓̂i,t be the

i-th row of ⇥̂t which is the estimate of ✓i. ✓̂i,t can be

approximated by :

✓̂i,t ⇡ A�1
i,t Xi,tYi,t � ↵A�1

i,t

nX

j=1

LijA
�1
j,tXj,tYj,t (7)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d
is the Gram ma-

trix of user i, Lij is the (i, j)-th element in L, Yi,t =
[yi,1, ..., yi,ti ] are the collection of payo↵s associated

with user i up to time t.

Proof. Appendix A.

Remark 1. We claim the approximation introduced

in Lemma 1 is tight. The detail proof is included in

Appendix A. Here, we sketch the basic idea. Lemma

1 is derived based on a Taylor expansion of the inver-

sion (�t�
T
t + ↵L ⌦ I)�1

in which we drop terms of

order higher than 2. Higher order terms contains the

Gram matrix A�1
i,t which decreases with growing t mak-

ing these terms negligible in comparison with lower or-

der terms. We also provide empirical evidence to show

the tightness of such approximation in Fig. 1-a.

4.1 Construction of Confidence Set

In this subsection, we define a confidence set to quan-
tify the uncertainty of estimation. ✓̂i,t 2 Rd is the

estimate of user i at time t. i.e, the i-th row of ⇥̂t. Let
⇤i,t 2 Rd⇥d be the precision matrix of ✓̂i,t. We can de-

fine a confidence set around ✓̂i,t based on Mahalanobis
distance [De Maesschalck et al., 2000] , which is com-
monly used in bandit literature [Dani et al., 2008,
Valko et al., 2013, Lattimore and Szepesvári, 2018].
Formally,

Ci,t = {✓i,t : ||✓̂i,t � ✓i,t||⇤i,t  �i,t} (8)

where �i,t is the upper bound of ||✓̂i,t � ✓i,t||⇤i,t . Let

⇤t 2 Rnd⇥nd denote the precision matrix of vec(⇥̂t) 2
Rnd. Note that ⇤i,t 2 Rd⇥d is the i-th block matrix
along the diagonal of ⇤t. So, ⇤i,t can be obtained
from ⇤t. Specifically,

Let define At = �t�T
t , L⌦ = L ⌦ I and Mt = At +

↵L⌦, Then
⇤t = MtA

�1
t Mt (9)

Then, ⇤i,t is

⇤i,t = Ai,t + 2↵LiiI+ ↵
2

nX

j=1

L
2
ijA

�1
j,t (10)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d, Lij is the (i, j)-
th element in L. The detail derive is included in the
Appendix B and C. Given Eq. 10, we can upper bound
the size of the confidence set defined in Eq. 8 which
gives the value of �i,t.

Lemma 2. ti is the set of time at which user i is

served up to time t. Ai,t =
P

⌧2ti
x⌧xT

⌧ , Vi,t =

Ai,t + ↵LiiI, ⇠i,t =
P

⌧2ti
xi,⌧⌘i,⌧ , I 2 Rd⇥d

is the

identity matrix. ⇤i,t is defined in Eq. 10. Denote

�i =
Pn

j=1 Lij✓j, the size of the confidence set de-

fined in Eq. 8 satisfies the following upper bound with

probability 1� � with � 2 [0, 1].

||✓̂i,t � ✓i||⇤i,t  �

s

2 log
|Vi,t|

1/2

�|↵I|1/2
+
p
↵||�i||2 (11)
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where xt and x⇤
t are the arms selected by the learner

and the optimal strategy at t, respectively. For no-
tation convenience in the rest of the paper, at each
time step t, we use i to generally refer to the user ap-
peared and xt to represent the feature vector of the
arm selected.

4 Laplacian-regularized Estimator

To estimate the user parameter ⇥ at the decision op-
portunity t, we make use the Laplacian-regularized es-
timator to promote the smoothness:

⇥̂t = arg min
⇥2Rn⇥d

nX

i=1

X

⌧2ti

(xT
⌧ ✓i�yi,⌧ )

2+↵ tr(⇥TL⇥)

(4)
where ti is the set of time at which user i is served up to
time t. x⌧ is the feature of arm selected by the learner
and yi,⌧ is the payo↵ from user i and time ⌧ and ↵

is the regularizer parameter. Clearly, Eq. 4 is convex
and can be solved by convex optimization techniques.
Although not straightforward to see, it has a closed
form solution [Alvarez et al., 2012]:

vec(⇥̂t) = (�t�
T
t + ↵L⌦ I)�1�tYt (5)

where ⌦ is the Kronecker product, vec(⇥̂t) 2 Rnd is
the concatenation of the columns of ⇥̂t. I 2 Rd⇥d is
the identity matrix. Yt = [y1, y2, ..., yt]T 2 Rt is the
collection of all payo↵s, �t = [�1,�2, ...,�t] 2 Rnd⇥t,
where �t 2 Rnd, is a long spare vector indicating the
event that arm with feature xt is selected for user i.
Formally,

�
T
t = ( 0, ..., 0| {z }

(i�1)⇥d times

,xT
t , 0, ...0| {z }

(n�i)⇥d times

) (6)

Eq. 5 gives the closed form solution of ⇥̂t, but does not
provide a closed form solution of single-user estimation
✓̂i,t, i 2 [1, ..., n]. Mathematically, ✓̂i,t can be obtained
by decoupling Eq. 5. However, due to the inversion
(�t�

T
t +↵L⌦I)�1, such decoupling is non-trivial and

tedious. We notice that the single-user estimation ✓̂i,t

can be closely approximated by Lemma 1.

Lemma 1. ⇥̂t is obtained from Eq. 5, let ✓̂i,t be the

i-th row of ⇥̂t which is the estimate of ✓i. ✓̂i,t can be

approximated by :

✓̂i,t ⇡ A�1
i,t Xi,tYi,t � ↵A�1

i,t

nX

j=1

LijA
�1
j,tXj,tYj,t (7)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d
is the Gram ma-

trix of user i, Lij is the (i, j)-th element in L, Yi,t =
[yi,1, ..., yi,ti ] are the collection of payo↵s associated

with user i up to time t.

Proof. Appendix A.

Remark 1. We claim the approximation introduced

in Lemma 1 is tight. The detail proof is included in

Appendix A. Here, we sketch the basic idea. Lemma

1 is derived based on a Taylor expansion of the inver-

sion (�t�
T
t + ↵L ⌦ I)�1

in which we drop terms of

order higher than 2. Higher order terms contains the

Gram matrix A�1
i,t which decreases with growing t mak-

ing these terms negligible in comparison with lower or-

der terms. We also provide empirical evidence to show

the tightness of such approximation in Fig. 1-a.

4.1 Construction of Confidence Set

In this subsection, we define a confidence set to quan-
tify the uncertainty of estimation. ✓̂i,t 2 Rd is the

estimate of user i at time t. i.e, the i-th row of ⇥̂t. Let
⇤i,t 2 Rd⇥d be the precision matrix of ✓̂i,t. We can de-

fine a confidence set around ✓̂i,t based on Mahalanobis
distance [De Maesschalck et al., 2000] , which is com-
monly used in bandit literature [Dani et al., 2008,
Valko et al., 2013, Lattimore and Szepesvári, 2018].
Formally,

Ci,t = {✓i,t : ||✓̂i,t � ✓i,t||⇤i,t  �i,t} (8)

where �i,t is the upper bound of ||✓̂i,t � ✓i,t||⇤i,t . Let

⇤t 2 Rnd⇥nd denote the precision matrix of vec(⇥̂t) 2
Rnd. Note that ⇤i,t 2 Rd⇥d is the i-th block matrix
along the diagonal of ⇤t. So, ⇤i,t can be obtained
from ⇤t. Specifically,

Let define At = �t�T
t , L⌦ = L ⌦ I and Mt = At +

↵L⌦, Then
⇤t = MtA

�1
t Mt (9)

Then, ⇤i,t is

⇤i,t = Ai,t + 2↵LiiI+ ↵
2

nX

j=1

L
2
ijA

�1
j,t (10)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d, Lij is the (i, j)-
th element in L. The detail derive is included in the
Appendix B and C. Given Eq. 10, we can upper bound
the size of the confidence set defined in Eq. 8 which
gives the value of �i,t.

Lemma 2. ti is the set of time at which user i is

served up to time t. Ai,t =
P

⌧2ti
x⌧xT

⌧ , Vi,t =

Ai,t + ↵LiiI, ⇠i,t =
P

⌧2ti
xi,⌧⌘i,⌧ , I 2 Rd⇥d

is the

identity matrix. ⇤i,t is defined in Eq. 10. Denote

�i =
Pn

j=1 Lij✓j, the size of the confidence set de-

fined in Eq. 8 satisfies the following upper bound with

probability 1� � with � 2 [0, 1].

||✓̂i,t � ✓i||⇤i,t  �

s

2 log
|Vi,t|

1/2

�|↵I|1/2
+
p
↵||�i||2 (11)
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Which means

�i,t = �

s

2 log
|Vi,t|

1/2

�|↵I|1/2
+
p
↵||�i||2 (12)

Proof. Appendix D.

Remark 2. The graph structure is included in the

term �i =
Pn

i=1 Lij✓j. We provide the intuition

underlying this term and explain the e↵ect of graph

structure on it. First, notice that Lii = 1, Lij  0
and

P
j 6=i�Lij = 1. So, �i =

Pn
i=1 Lij✓j =

✓i�
P

j 6=i�Lij✓j measures the di↵erence between user

feature ✓i and the weighted average of its neighborsP
j 6=i�Lij✓j. To show the e↵ect of graph structure,

we consider two extreme cases. a), fully connected

graph with Wij = 1 which means Lii = 1, Lij = 1
n�1

and ✓i = ✓j. In this case, �i = ✓i �
n�1
n�1✓i = 0.

b), empty graph, i.e., Lii = 1 and Lij = 0, in this

case �i = ✓i. This case recovers the confidence set

used in LinUCB [Abbasi-Yadkori et al., 2011]. In be-

tween, �i depends the similarity (smoothness) between

✓i and its neighbors ✓j , j 6= i. In summary, depending

the graph structure, ||�i||2 ranges between [0, ||✓i||2].
We provide empirical evidence on �i over di↵erent

level of smoothness in Fig. 1-a.

Remark 3. Given �i, we are ready to motivate the

choose of the random-walk normalized Laplacian L
instead of other commonly used Laplaicans. Specifi-

cally, If the combinatorial Laplacian L is used in the

Laplacian-regularized estimator in Eq. 4, the term

�i = Dii(✓i +
P

j 6=i
Wij

Dii
✓j) will scale with the de-

gree Dii of each user i, which results in a regret scales

with Dii. (This is the drawback of Gob.Lin which

employs L). In addition, the regularized level of each

user will be ↵Dii which is not homogeneous across all

user. In the other case, if the symmetric normalized

Laplacian Lnorm is used, the term
P

j 6=i Lnorm,ij✓j

in �i = ✓i +
P

j 6=i Lnorm,ij✓j with not be a convex

combination of ✓j , j 6= i, which could result in a �i

locate outside the Euclidean ball defined by ||✓j ||2 

1, 8j 2 [1, ..., n]. This could also lead to unbounded re-

gret. In contrast, the two unique properties Lii = 1
and

P
j 6=i�Lij = 1 of the random-walk normalized

Laplacian L makes sure the regret is bounded and a

homogeneous level of regularized accross users.

5 Algorithms

With the above analysis, we are ready to introduce the
key ingredient of our bandit algorithms, the arm se-
lection principle which is based on the principle called
optimism in the face of uncertainty [Lai et al., 1987].
The basic idea is selecting arm taking into account the
uncertainty of the estimation ✓̂i,t which is quantified

Algorithm 1: GraphUCB

Input : ↵, T , L, �
Initialization : For any i 2 {1, 2, ..., n}
✓̂0,i = 0 2 Rd, ⇤0,i = 0 2 Rd⇥d,
A0,i = 0 2 Rd⇥d, �i,t = 0.

for t 2 [1, T ] do
User index it is selected
1. Ai,t  Ai,t�1 + xi,t�1xT

i,t�1 if i = it.
2. Aj,t  Aj,t�1, 8j 6= it.
3. Update ⇤i,t via Eq. 10.
4. Select xi,t via Eq. 13

where �i,t is defined in Eq. 12.
5. Receive the payo↵ yi,t.

6. Update ⇥̂t via Eq. 4.
end

by the confidence set Ci,t. Formally, at time t, user
index it is selected. For user i = it, the learner selects
one arm from the arm set D following

xi,t = arg max
(x,✓)2(D,Ci,t)

xT✓

= argmax
x2D

xT ✓̂i,t + �i,t||x||⇤�1
i,t

(13)

The first algorithm we propose is GraphUCB
sketched in Algorithm 1. Here, we use the Lapla-
cian regularized estimator Eq. 4 and the arm selec-
tion principle Eq. 13. Formally, at each time t, user
index it is selected. For user i = it, the algorithm
first updates ⇤i,t based on the Gram matrix Ai,t and
Aj,t. Then, it selects one arm xi,t from the arm set D
by following Eq. 13. Upon receiving a payo↵ yi,t, it

updates the feature of all users ⇥̂t by solving Eq. 4.
The process continues to time t+ 1. Note that in Eq.
12, the term �i is defined based on unknown ground-
truth ✓i and ✓j . In practice, we replace �i with its

empirical counterpart �̂i,t =
Pn

j=1 Lij ✓̂j,t where ✓̂j,t

is the j-th row of ⇥̂t.

One issue of GraphUCB is its high computational
complexity. Specifically, to solve Eq. 4, the running
time is dominated by the inversion (�t�

T
t +↵L⌦I)�1,

which is in the order O(n2
d
2). This is impractical

when the user number n is large. Recall that in the
learning setting, at each time t, only one user is se-
lected. Thus, updating ✓̂i,t, i = it only is su�cient.
So, we propose Lemma 1 which can be used in place
of Eq. 4 to estimate ✓̂i,t resulting a significant reduc-
tion in computation complexity.

Clearly, the computation complexity of Lemma 1 is
dominated by the inversion of (Ai,t+↵LiiI)�1 or A�1

j,t ,

which is in the order ofO(d2). Since Lemma 1 contains
n such inversion, the total complexity is O(nd2). This

Δi =
n

∑
i= 1

ℒijθj = θi − ∑
j≠i

(− ℒijθj)
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where xt and x⇤
t are the arms selected by the learner

and the optimal strategy at t, respectively. For no-
tation convenience in the rest of the paper, at each
time step t, we use i to generally refer to the user ap-
peared and xt to represent the feature vector of the
arm selected.

4 Laplacian-regularized Estimator

To estimate the user parameter ⇥ at the decision op-
portunity t, we make use the Laplacian-regularized es-
timator to promote the smoothness:

⇥̂t = arg min
⇥2Rn⇥d

nX

i=1

X

⌧2ti

(xT
⌧ ✓i�yi,⌧ )

2+↵ tr(⇥TL⇥)

(4)
where ti is the set of time at which user i is served up to
time t. x⌧ is the feature of arm selected by the learner
and yi,⌧ is the payo↵ from user i and time ⌧ and ↵

is the regularizer parameter. Clearly, Eq. 4 is convex
and can be solved by convex optimization techniques.
Although not straightforward to see, it has a closed
form solution [Alvarez et al., 2012]:

vec(⇥̂t) = (�t�
T
t + ↵L⌦ I)�1�tYt (5)

where ⌦ is the Kronecker product, vec(⇥̂t) 2 Rnd is
the concatenation of the columns of ⇥̂t. I 2 Rd⇥d is
the identity matrix. Yt = [y1, y2, ..., yt]T 2 Rt is the
collection of all payo↵s, �t = [�1,�2, ...,�t] 2 Rnd⇥t,
where �t 2 Rnd, is a long spare vector indicating the
event that arm with feature xt is selected for user i.
Formally,

�
T
t = ( 0, ..., 0| {z }

(i�1)⇥d times

,xT
t , 0, ...0| {z }

(n�i)⇥d times

) (6)

Eq. 5 gives the closed form solution of ⇥̂t, but does not
provide a closed form solution of single-user estimation
✓̂i,t, i 2 [1, ..., n]. Mathematically, ✓̂i,t can be obtained
by decoupling Eq. 5. However, due to the inversion
(�t�

T
t +↵L⌦I)�1, such decoupling is non-trivial and

tedious. We notice that the single-user estimation ✓̂i,t

can be closely approximated by Lemma 1.

Lemma 1. ⇥̂t is obtained from Eq. 5, let ✓̂i,t be the

i-th row of ⇥̂t which is the estimate of ✓i. ✓̂i,t can be

approximated by :

✓̂i,t ⇡ A�1
i,t Xi,tYi,t � ↵A�1

i,t

nX

j=1

LijA
�1
j,tXj,tYj,t (7)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d
is the Gram ma-

trix of user i, Lij is the (i, j)-th element in L, Yi,t =
[yi,1, ..., yi,ti ] are the collection of payo↵s associated

with user i up to time t.

Proof. Appendix A.

Remark 1. We claim the approximation introduced

in Lemma 1 is tight. The detail proof is included in

Appendix A. Here, we sketch the basic idea. Lemma

1 is derived based on a Taylor expansion of the inver-

sion (�t�
T
t + ↵L ⌦ I)�1

in which we drop terms of

order higher than 2. Higher order terms contains the

Gram matrix A�1
i,t which decreases with growing t mak-

ing these terms negligible in comparison with lower or-

der terms. We also provide empirical evidence to show

the tightness of such approximation in Fig. 1-a.

4.1 Construction of Confidence Set

In this subsection, we define a confidence set to quan-
tify the uncertainty of estimation. ✓̂i,t 2 Rd is the

estimate of user i at time t. i.e, the i-th row of ⇥̂t. Let
⇤i,t 2 Rd⇥d be the precision matrix of ✓̂i,t. We can de-

fine a confidence set around ✓̂i,t based on Mahalanobis
distance [De Maesschalck et al., 2000] , which is com-
monly used in bandit literature [Dani et al., 2008,
Valko et al., 2013, Lattimore and Szepesvári, 2018].
Formally,

Ci,t = {✓i,t : ||✓̂i,t � ✓i,t||⇤i,t  �i,t} (8)

where �i,t is the upper bound of ||✓̂i,t � ✓i,t||⇤i,t . Let

⇤t 2 Rnd⇥nd denote the precision matrix of vec(⇥̂t) 2
Rnd. Note that ⇤i,t 2 Rd⇥d is the i-th block matrix
along the diagonal of ⇤t. So, ⇤i,t can be obtained
from ⇤t. Specifically,

Let define At = �t�T
t , L⌦ = L ⌦ I and Mt = At +

↵L⌦, Then
⇤t = MtA

�1
t Mt (9)

Then, ⇤i,t is

⇤i,t = Ai,t + 2↵LiiI+ ↵
2

nX

j=1

L
2
ijA

�1
j,t (10)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d, Lij is the (i, j)-
th element in L. The detail derive is included in the
Appendix B and C. Given Eq. 10, we can upper bound
the size of the confidence set defined in Eq. 8 which
gives the value of �i,t.

Lemma 2. ti is the set of time at which user i is

served up to time t. Ai,t =
P

⌧2ti
x⌧xT

⌧ , Vi,t =

Ai,t + ↵LiiI, ⇠i,t =
P

⌧2ti
xi,⌧⌘i,⌧ , I 2 Rd⇥d

is the

identity matrix. ⇤i,t is defined in Eq. 10. Denote

�i =
Pn

j=1 Lij✓j, the size of the confidence set de-

fined in Eq. 8 satisfies the following upper bound with

probability 1� � with � 2 [0, 1].

||✓̂i,t � ✓i||⇤i,t  �

s

2 log
|Vi,t|

1/2

�|↵I|1/2
+
p
↵||�i||2 (11)
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where xt and x⇤
t are the arms selected by the learner

and the optimal strategy at t, respectively. For no-
tation convenience in the rest of the paper, at each
time step t, we use i to generally refer to the user ap-
peared and xt to represent the feature vector of the
arm selected.

4 Laplacian-regularized Estimator

To estimate the user parameter ⇥ at the decision op-
portunity t, we make use the Laplacian-regularized es-
timator to promote the smoothness:

⇥̂t = arg min
⇥2Rn⇥d

nX

i=1

X

⌧2ti

(xT
⌧ ✓i�yi,⌧ )

2+↵ tr(⇥TL⇥)

(4)
where ti is the set of time at which user i is served up to
time t. x⌧ is the feature of arm selected by the learner
and yi,⌧ is the payo↵ from user i and time ⌧ and ↵

is the regularizer parameter. Clearly, Eq. 4 is convex
and can be solved by convex optimization techniques.
Although not straightforward to see, it has a closed
form solution [Alvarez et al., 2012]:

vec(⇥̂t) = (�t�
T
t + ↵L⌦ I)�1�tYt (5)

where ⌦ is the Kronecker product, vec(⇥̂t) 2 Rnd is
the concatenation of the columns of ⇥̂t. I 2 Rd⇥d is
the identity matrix. Yt = [y1, y2, ..., yt]T 2 Rt is the
collection of all payo↵s, �t = [�1,�2, ...,�t] 2 Rnd⇥t,
where �t 2 Rnd, is a long spare vector indicating the
event that arm with feature xt is selected for user i.
Formally,

�
T
t = ( 0, ..., 0| {z }

(i�1)⇥d times

,xT
t , 0, ...0| {z }

(n�i)⇥d times

) (6)

Eq. 5 gives the closed form solution of ⇥̂t, but does not
provide a closed form solution of single-user estimation
✓̂i,t, i 2 [1, ..., n]. Mathematically, ✓̂i,t can be obtained
by decoupling Eq. 5. However, due to the inversion
(�t�

T
t +↵L⌦I)�1, such decoupling is non-trivial and

tedious. We notice that the single-user estimation ✓̂i,t

can be closely approximated by Lemma 1.

Lemma 1. ⇥̂t is obtained from Eq. 5, let ✓̂i,t be the

i-th row of ⇥̂t which is the estimate of ✓i. ✓̂i,t can be

approximated by :

✓̂i,t ⇡ A�1
i,t Xi,tYi,t � ↵A�1

i,t

nX

j=1

LijA
�1
j,tXj,tYj,t (7)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d
is the Gram ma-

trix of user i, Lij is the (i, j)-th element in L, Yi,t =
[yi,1, ..., yi,ti ] are the collection of payo↵s associated

with user i up to time t.

Proof. Appendix A.

Remark 1. We claim the approximation introduced

in Lemma 1 is tight. The detail proof is included in

Appendix A. Here, we sketch the basic idea. Lemma

1 is derived based on a Taylor expansion of the inver-

sion (�t�
T
t + ↵L ⌦ I)�1

in which we drop terms of

order higher than 2. Higher order terms contains the

Gram matrix A�1
i,t which decreases with growing t mak-

ing these terms negligible in comparison with lower or-

der terms. We also provide empirical evidence to show

the tightness of such approximation in Fig. 1-a.

4.1 Construction of Confidence Set

In this subsection, we define a confidence set to quan-
tify the uncertainty of estimation. ✓̂i,t 2 Rd is the

estimate of user i at time t. i.e, the i-th row of ⇥̂t. Let
⇤i,t 2 Rd⇥d be the precision matrix of ✓̂i,t. We can de-

fine a confidence set around ✓̂i,t based on Mahalanobis
distance [De Maesschalck et al., 2000] , which is com-
monly used in bandit literature [Dani et al., 2008,
Valko et al., 2013, Lattimore and Szepesvári, 2018].
Formally,

Ci,t = {✓i,t : ||✓̂i,t � ✓i,t||⇤i,t  �i,t} (8)

where �i,t is the upper bound of ||✓̂i,t � ✓i,t||⇤i,t . Let

⇤t 2 Rnd⇥nd denote the precision matrix of vec(⇥̂t) 2
Rnd. Note that ⇤i,t 2 Rd⇥d is the i-th block matrix
along the diagonal of ⇤t. So, ⇤i,t can be obtained
from ⇤t. Specifically,

Let define At = �t�T
t , L⌦ = L ⌦ I and Mt = At +

↵L⌦, Then
⇤t = MtA

�1
t Mt (9)

Then, ⇤i,t is

⇤i,t = Ai,t + 2↵LiiI+ ↵
2

nX

j=1

L
2
ijA

�1
j,t (10)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d, Lij is the (i, j)-
th element in L. The detail derive is included in the
Appendix B and C. Given Eq. 10, we can upper bound
the size of the confidence set defined in Eq. 8 which
gives the value of �i,t.

Lemma 2. ti is the set of time at which user i is

served up to time t. Ai,t =
P

⌧2ti
x⌧xT

⌧ , Vi,t =

Ai,t + ↵LiiI, ⇠i,t =
P

⌧2ti
xi,⌧⌘i,⌧ , I 2 Rd⇥d

is the

identity matrix. ⇤i,t is defined in Eq. 10. Denote

�i =
Pn

j=1 Lij✓j, the size of the confidence set de-

fined in Eq. 8 satisfies the following upper bound with

probability 1� � with � 2 [0, 1].

||✓̂i,t � ✓i||⇤i,t  �

s

2 log
|Vi,t|

1/2

�|↵I|1/2
+
p
↵||�i||2 (11)
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where xt and x⇤
t are the arms selected by the learner

and the optimal strategy at t, respectively. For no-
tation convenience in the rest of the paper, at each
time step t, we use i to generally refer to the user ap-
peared and xt to represent the feature vector of the
arm selected.

4 Laplacian-regularized Estimator

To estimate the user parameter ⇥ at the decision op-
portunity t, we make use the Laplacian-regularized es-
timator to promote the smoothness:

⇥̂t = arg min
⇥2Rn⇥d

nX

i=1

X

⌧2ti

(xT
⌧ ✓i�yi,⌧ )

2+↵ tr(⇥TL⇥)

(4)
where ti is the set of time at which user i is served up to
time t. x⌧ is the feature of arm selected by the learner
and yi,⌧ is the payo↵ from user i and time ⌧ and ↵

is the regularizer parameter. Clearly, Eq. 4 is convex
and can be solved by convex optimization techniques.
Although not straightforward to see, it has a closed
form solution [Alvarez et al., 2012]:

vec(⇥̂t) = (�t�
T
t + ↵L⌦ I)�1�tYt (5)

where ⌦ is the Kronecker product, vec(⇥̂t) 2 Rnd is
the concatenation of the columns of ⇥̂t. I 2 Rd⇥d is
the identity matrix. Yt = [y1, y2, ..., yt]T 2 Rt is the
collection of all payo↵s, �t = [�1,�2, ...,�t] 2 Rnd⇥t,
where �t 2 Rnd, is a long spare vector indicating the
event that arm with feature xt is selected for user i.
Formally,

�
T
t = ( 0, ..., 0| {z }

(i�1)⇥d times

,xT
t , 0, ...0| {z }

(n�i)⇥d times

) (6)

Eq. 5 gives the closed form solution of ⇥̂t, but does not
provide a closed form solution of single-user estimation
✓̂i,t, i 2 [1, ..., n]. Mathematically, ✓̂i,t can be obtained
by decoupling Eq. 5. However, due to the inversion
(�t�

T
t +↵L⌦I)�1, such decoupling is non-trivial and

tedious. We notice that the single-user estimation ✓̂i,t

can be closely approximated by Lemma 1.

Lemma 1. ⇥̂t is obtained from Eq. 5, let ✓̂i,t be the

i-th row of ⇥̂t which is the estimate of ✓i. ✓̂i,t can be

approximated by :

✓̂i,t ⇡ A�1
i,t Xi,tYi,t � ↵A�1

i,t

nX

j=1

LijA
�1
j,tXj,tYj,t (7)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d
is the Gram ma-

trix of user i, Lij is the (i, j)-th element in L, Yi,t =
[yi,1, ..., yi,ti ] are the collection of payo↵s associated

with user i up to time t.

Proof. Appendix A.

Remark 1. We claim the approximation introduced

in Lemma 1 is tight. The detail proof is included in

Appendix A. Here, we sketch the basic idea. Lemma

1 is derived based on a Taylor expansion of the inver-

sion (�t�
T
t + ↵L ⌦ I)�1

in which we drop terms of

order higher than 2. Higher order terms contains the

Gram matrix A�1
i,t which decreases with growing t mak-

ing these terms negligible in comparison with lower or-

der terms. We also provide empirical evidence to show

the tightness of such approximation in Fig. 1-a.

4.1 Construction of Confidence Set

In this subsection, we define a confidence set to quan-
tify the uncertainty of estimation. ✓̂i,t 2 Rd is the

estimate of user i at time t. i.e, the i-th row of ⇥̂t. Let
⇤i,t 2 Rd⇥d be the precision matrix of ✓̂i,t. We can de-

fine a confidence set around ✓̂i,t based on Mahalanobis
distance [De Maesschalck et al., 2000] , which is com-
monly used in bandit literature [Dani et al., 2008,
Valko et al., 2013, Lattimore and Szepesvári, 2018].
Formally,

Ci,t = {✓i,t : ||✓̂i,t � ✓i,t||⇤i,t  �i,t} (8)

where �i,t is the upper bound of ||✓̂i,t � ✓i,t||⇤i,t . Let

⇤t 2 Rnd⇥nd denote the precision matrix of vec(⇥̂t) 2
Rnd. Note that ⇤i,t 2 Rd⇥d is the i-th block matrix
along the diagonal of ⇤t. So, ⇤i,t can be obtained
from ⇤t. Specifically,

Let define At = �t�T
t , L⌦ = L ⌦ I and Mt = At +

↵L⌦, Then
⇤t = MtA

�1
t Mt (9)

Then, ⇤i,t is

⇤i,t = Ai,t + 2↵LiiI+ ↵
2

nX

j=1

L
2
ijA

�1
j,t (10)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d, Lij is the (i, j)-
th element in L. The detail derive is included in the
Appendix B and C. Given Eq. 10, we can upper bound
the size of the confidence set defined in Eq. 8 which
gives the value of �i,t.

Lemma 2. ti is the set of time at which user i is

served up to time t. Ai,t =
P

⌧2ti
x⌧xT

⌧ , Vi,t =

Ai,t + ↵LiiI, ⇠i,t =
P

⌧2ti
xi,⌧⌘i,⌧ , I 2 Rd⇥d

is the

identity matrix. ⇤i,t is defined in Eq. 10. Denote

�i =
Pn

j=1 Lij✓j, the size of the confidence set de-

fined in Eq. 8 satisfies the following upper bound with

probability 1� � with � 2 [0, 1].

||✓̂i,t � ✓i||⇤i,t  �

s

2 log
|Vi,t|

1/2

�|↵I|1/2
+
p
↵||�i||2 (11)
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(a) (b)

Figure 1: (a) ||�i||2 vs Smoothness, (b)  i,ti vs Time.

leads to a significant reduction comparing with Eq. 4
which is O(n2

d
2).

Equipped with Lemma 1, we introduce our second al-
gorithm GraphUCB-Local serving as a simplified
version of GraphUCB. The only di↵erence lies in the
number of users updated per round. GraphUCB up-
dates all users ⇥̂t via Eq. 4, whileGraphUCB-Local
only updates one user ✓̂i,t via Lemma 1. Pseudocode
of GraphUCB-Local is included in Appendix E.

6 Analysis

In this section, we provide a finite-time analysis on the
performance of proposed algorithms. We first present
a Lemma on a term which plays a central role in the
regret upper bound. Next, we state the regret up-
per bound. Finally, the regret bound is compared
with that of LinUCB [Li et al., 2010] and Gob.Lin
[Cesa-Bianchi et al., 2013].

Lemma 3. Define  i,ti =

Pti
t=1 ||xi,t||2

⇤�1
i,tPti

t=1 ||xi,t||2
V�1

i,t

, where

Vi,ti = Ai,ti + ↵LiiI and ⇤i,ti defined
1
in Eq. 10.

Without loss of generality, assume ||xi,t||2  1 for any

t, ti and i, then

 i,ti 2 (0, 1] (14)

Furthermore, denser connected graph leads to smaller

 i,ti . Empirical evidence is provided in Fig. 1-b.

Proof. Appendix F.

6.1 Regret Upper Bound

In this subsection, we present the cumulative re-
gret upper bounds satisfied by both GraphUCB
and GraphUCB-Local. We first present the upper
bound of single-user cumulative regret in Theorem 1.

1For any isolated node i, Lii is set to be 1.

Next, we show the upper bound on total cumulative
regret experienced by all users in Theorem 2 .

Theorem 1. Recall  i,ti =

Pti
t=1 ||xt||2

⇤�1
i,tPti

t=1 ||xt||2
V�1

i,t

, Vi,ti =

Ai,ti + ↵LiiI, �i =
Pn

j=1 Lij✓j and ⇤i,t defined in

Eq. 10. Without loss of generality, assume ||✓i||2  1
for any i 2 {1, 2, ..., n} and ||xi,t||2  1 for any t, ti

and i. Then, for � 2 [0, 1], the cumulative regret over

ti of any user i 2 {1, 2, ..., n} satisfies the following

upper bound with probability 1� �.

Ri,ti = O

✓�p
d log(ti) +

p
↵||�i||2

�
 i,ti

p
dti log(ti)

◆

= Õ

✓
 i,tid

p
ti

◆

(15)

where the constant and logarithmic factors are hidden.

Proof. Appendix G.

Theorem 2. With the same assumption and nota-

tion as Theorem 1. Denote ti be the number of time

been served of each user i, i 2 {1, 2, ..., n}. The total

time horizon is T and
Pn

i=1 ti = T . Assume users are

served uniformly, i.e., ti = T/n. Then, over the time

horizon T , the total cumulative regret experienced by

all users satisfies the following upper bound with prob-

ability 1� � with � 2 [0, 1].

RT =
nX

i=1

Ri,ti =
nX

i=1

Õ

✓
 i,tid

p
T/n

◆

 Õ

✓
d

p

Tnmax
i2U

 i,ti

◆ (16)

Proof. See Appendix G.

Remark 4. We emphasis that Theorem 1 and

Theorem 2 are satisfied by both GraphUCB and

GraphUCB-Local. To see this, the only di↵erence

between GraphUCB and GraphUCB-Local is the

estimation ✓̂i,t. However, the regret bound is derived

based on the ground-truth ✓i which is the same in both

algorithms. Therefore, they satisfy the same regret up-

per bounds.

6.2 Compare with LinUCB

With LinUCB[Li et al., 2010], under the same setting
(described in Section 3), the cumulative regret of any
user i over time horizon ti satisfies the following upper
bound with probability 1� � for � 2 [0, 1].

Ri,ti = O

✓�p
d log(ti) +

p
↵||✓i||2

�p
dti log(ti)

◆

(17)

||
Δ i

||
2

smoothness
| |Δi | |2 ∈ [0, | |θi | |2 ]
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Which means

�i,t = �

s

2 log
|Vi,t|

1/2

�|↵I|1/2
+
p
↵||�i||2 (12)

Proof. Appendix D.

Remark 2. The graph structure is included in the

term �i =
Pn

i=1 Lij✓j. We provide the intuition

underlying this term and explain the e↵ect of graph

structure on it. First, notice that Lii = 1, Lij  0
and

P
j 6=i�Lij = 1. So, �i =

Pn
i=1 Lij✓j =

✓i�
P

j 6=i�Lij✓j measures the di↵erence between user

feature ✓i and the weighted average of its neighborsP
j 6=i�Lij✓j. To show the e↵ect of graph structure,

we consider two extreme cases. a), fully connected

graph with Wij = 1 which means Lii = 1, Lij = 1
n�1

and ✓i = ✓j. In this case, �i = ✓i �
n�1
n�1✓i = 0.

b), empty graph, i.e., Lii = 1 and Lij = 0, in this

case �i = ✓i. This case recovers the confidence set

used in LinUCB [Abbasi-Yadkori et al., 2011]. In be-

tween, �i depends the similarity (smoothness) between

✓i and its neighbors ✓j , j 6= i. In summary, depending

the graph structure, ||�i||2 ranges between [0, ||✓i||2].
We provide empirical evidence on �i over di↵erent

level of smoothness in Fig. 1-a.

Remark 3. Given �i, we are ready to motivate the

choose of the random-walk normalized Laplacian L
instead of other commonly used Laplaicans. Specifi-

cally, If the combinatorial Laplacian L is used in the

Laplacian-regularized estimator in Eq. 4, the term

�i = Dii(✓i +
P

j 6=i
Wij

Dii
✓j) will scale with the de-

gree Dii of each user i, which results in a regret scales

with Dii. (This is the drawback of Gob.Lin which

employs L). In addition, the regularized level of each

user will be ↵Dii which is not homogeneous across all

user. In the other case, if the symmetric normalized

Laplacian Lnorm is used, the term
P

j 6=i Lnorm,ij✓j

in �i = ✓i +
P

j 6=i Lnorm,ij✓j with not be a convex

combination of ✓j , j 6= i, which could result in a �i

locate outside the Euclidean ball defined by ||✓j ||2 

1, 8j 2 [1, ..., n]. This could also lead to unbounded re-

gret. In contrast, the two unique properties Lii = 1
and

P
j 6=i�Lij = 1 of the random-walk normalized

Laplacian L makes sure the regret is bounded and a

homogeneous level of regularized accross users.

5 Algorithms

With the above analysis, we are ready to introduce the
key ingredient of our bandit algorithms, the arm se-
lection principle which is based on the principle called
optimism in the face of uncertainty [Lai et al., 1987].
The basic idea is selecting arm taking into account the
uncertainty of the estimation ✓̂i,t which is quantified

Algorithm 1: GraphUCB

Input : ↵, T , L, �
Initialization : For any i 2 {1, 2, ..., n}
✓̂0,i = 0 2 Rd, ⇤0,i = 0 2 Rd⇥d,
A0,i = 0 2 Rd⇥d, �i,t = 0.

for t 2 [1, T ] do
User index it is selected
1. Ai,t  Ai,t�1 + xi,t�1xT

i,t�1 if i = it.
2. Aj,t  Aj,t�1, 8j 6= it.
3. Update ⇤i,t via Eq. 10.
4. Select xi,t via Eq. 13

where �i,t is defined in Eq. 12.
5. Receive the payo↵ yi,t.

6. Update ⇥̂t via Eq. 4.
end

by the confidence set Ci,t. Formally, at time t, user
index it is selected. For user i = it, the learner selects
one arm from the arm set D following

xi,t = arg max
(x,✓)2(D,Ci,t)

xT✓

= argmax
x2D

xT ✓̂i,t + �i,t||x||⇤�1
i,t

(13)

The first algorithm we propose is GraphUCB
sketched in Algorithm 1. Here, we use the Lapla-
cian regularized estimator Eq. 4 and the arm selec-
tion principle Eq. 13. Formally, at each time t, user
index it is selected. For user i = it, the algorithm
first updates ⇤i,t based on the Gram matrix Ai,t and
Aj,t. Then, it selects one arm xi,t from the arm set D
by following Eq. 13. Upon receiving a payo↵ yi,t, it

updates the feature of all users ⇥̂t by solving Eq. 4.
The process continues to time t+ 1. Note that in Eq.
12, the term �i is defined based on unknown ground-
truth ✓i and ✓j . In practice, we replace �i with its

empirical counterpart �̂i,t =
Pn

j=1 Lij ✓̂j,t where ✓̂j,t

is the j-th row of ⇥̂t.

One issue of GraphUCB is its high computational
complexity. Specifically, to solve Eq. 4, the running
time is dominated by the inversion (�t�

T
t +↵L⌦I)�1,

which is in the order O(n2
d
2). This is impractical

when the user number n is large. Recall that in the
learning setting, at each time t, only one user is se-
lected. Thus, updating ✓̂i,t, i = it only is su�cient.
So, we propose Lemma 1 which can be used in place
of Eq. 4 to estimate ✓̂i,t resulting a significant reduc-
tion in computation complexity.

Clearly, the computation complexity of Lemma 1 is
dominated by the inversion of (Ai,t+↵LiiI)�1 or A�1

j,t ,

which is in the order ofO(d2). Since Lemma 1 contains
n such inversion, the total complexity is O(nd2). This

Δi =
n

∑
i= 1

ℒijθj = θi − ∑
j≠i

(− ℒijθj)
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where xt and x⇤
t are the arms selected by the learner

and the optimal strategy at t, respectively. For no-
tation convenience in the rest of the paper, at each
time step t, we use i to generally refer to the user ap-
peared and xt to represent the feature vector of the
arm selected.

4 Laplacian-regularized Estimator

To estimate the user parameter ⇥ at the decision op-
portunity t, we make use the Laplacian-regularized es-
timator to promote the smoothness:

⇥̂t = arg min
⇥2Rn⇥d

nX

i=1

X

⌧2ti

(xT
⌧ ✓i�yi,⌧ )

2+↵ tr(⇥TL⇥)

(4)
where ti is the set of time at which user i is served up to
time t. x⌧ is the feature of arm selected by the learner
and yi,⌧ is the payo↵ from user i and time ⌧ and ↵

is the regularizer parameter. Clearly, Eq. 4 is convex
and can be solved by convex optimization techniques.
Although not straightforward to see, it has a closed
form solution [Alvarez et al., 2012]:

vec(⇥̂t) = (�t�
T
t + ↵L⌦ I)�1�tYt (5)

where ⌦ is the Kronecker product, vec(⇥̂t) 2 Rnd is
the concatenation of the columns of ⇥̂t. I 2 Rd⇥d is
the identity matrix. Yt = [y1, y2, ..., yt]T 2 Rt is the
collection of all payo↵s, �t = [�1,�2, ...,�t] 2 Rnd⇥t,
where �t 2 Rnd, is a long spare vector indicating the
event that arm with feature xt is selected for user i.
Formally,

�
T
t = ( 0, ..., 0| {z }

(i�1)⇥d times

,xT
t , 0, ...0| {z }

(n�i)⇥d times

) (6)

Eq. 5 gives the closed form solution of ⇥̂t, but does not
provide a closed form solution of single-user estimation
✓̂i,t, i 2 [1, ..., n]. Mathematically, ✓̂i,t can be obtained
by decoupling Eq. 5. However, due to the inversion
(�t�

T
t +↵L⌦I)�1, such decoupling is non-trivial and

tedious. We notice that the single-user estimation ✓̂i,t

can be closely approximated by Lemma 1.

Lemma 1. ⇥̂t is obtained from Eq. 5, let ✓̂i,t be the

i-th row of ⇥̂t which is the estimate of ✓i. ✓̂i,t can be

approximated by :

✓̂i,t ⇡ A�1
i,t Xi,tYi,t � ↵A�1

i,t

nX

j=1

LijA
�1
j,tXj,tYj,t (7)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d
is the Gram ma-

trix of user i, Lij is the (i, j)-th element in L, Yi,t =
[yi,1, ..., yi,ti ] are the collection of payo↵s associated

with user i up to time t.

Proof. Appendix A.

Remark 1. We claim the approximation introduced

in Lemma 1 is tight. The detail proof is included in

Appendix A. Here, we sketch the basic idea. Lemma

1 is derived based on a Taylor expansion of the inver-

sion (�t�
T
t + ↵L ⌦ I)�1

in which we drop terms of

order higher than 2. Higher order terms contains the

Gram matrix A�1
i,t which decreases with growing t mak-

ing these terms negligible in comparison with lower or-

der terms. We also provide empirical evidence to show

the tightness of such approximation in Fig. 1-a.

4.1 Construction of Confidence Set

In this subsection, we define a confidence set to quan-
tify the uncertainty of estimation. ✓̂i,t 2 Rd is the

estimate of user i at time t. i.e, the i-th row of ⇥̂t. Let
⇤i,t 2 Rd⇥d be the precision matrix of ✓̂i,t. We can de-

fine a confidence set around ✓̂i,t based on Mahalanobis
distance [De Maesschalck et al., 2000] , which is com-
monly used in bandit literature [Dani et al., 2008,
Valko et al., 2013, Lattimore and Szepesvári, 2018].
Formally,

Ci,t = {✓i,t : ||✓̂i,t � ✓i,t||⇤i,t  �i,t} (8)

where �i,t is the upper bound of ||✓̂i,t � ✓i,t||⇤i,t . Let

⇤t 2 Rnd⇥nd denote the precision matrix of vec(⇥̂t) 2
Rnd. Note that ⇤i,t 2 Rd⇥d is the i-th block matrix
along the diagonal of ⇤t. So, ⇤i,t can be obtained
from ⇤t. Specifically,

Let define At = �t�T
t , L⌦ = L ⌦ I and Mt = At +

↵L⌦, Then
⇤t = MtA

�1
t Mt (9)

Then, ⇤i,t is

⇤i,t = Ai,t + 2↵LiiI+ ↵
2

nX

j=1

L
2
ijA

�1
j,t (10)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d, Lij is the (i, j)-
th element in L. The detail derive is included in the
Appendix B and C. Given Eq. 10, we can upper bound
the size of the confidence set defined in Eq. 8 which
gives the value of �i,t.

Lemma 2. ti is the set of time at which user i is

served up to time t. Ai,t =
P

⌧2ti
x⌧xT

⌧ , Vi,t =

Ai,t + ↵LiiI, ⇠i,t =
P

⌧2ti
xi,⌧⌘i,⌧ , I 2 Rd⇥d

is the

identity matrix. ⇤i,t is defined in Eq. 10. Denote

�i =
Pn

j=1 Lij✓j, the size of the confidence set de-

fined in Eq. 8 satisfies the following upper bound with

probability 1� � with � 2 [0, 1].

||✓̂i,t � ✓i||⇤i,t  �

s

2 log
|Vi,t|

1/2

�|↵I|1/2
+
p
↵||�i||2 (11)
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Which means

�i,t = �

s

2 log
|Vi,t|

1/2

�|↵I|1/2
+
p
↵||�i||2 (12)

Proof. Appendix D.

Remark 2. The graph structure is included in the

term �i =
Pn

i=1 Lij✓j. We provide the intuition

underlying this term and explain the e↵ect of graph

structure on it. First, notice that Lii = 1, Lij  0
and

P
j 6=i�Lij = 1. So, �i =

Pn
i=1 Lij✓j =

✓i�
P

j 6=i�Lij✓j measures the di↵erence between user

feature ✓i and the weighted average of its neighborsP
j 6=i�Lij✓j. To show the e↵ect of graph structure,

we consider two extreme cases. a), fully connected

graph with Wij = 1 which means Lii = 1, Lij = 1
n�1

and ✓i = ✓j. In this case, �i = ✓i �
n�1
n�1✓i = 0.

b), empty graph, i.e., Lii = 1 and Lij = 0, in this

case �i = ✓i. This case recovers the confidence set

used in LinUCB [Abbasi-Yadkori et al., 2011]. In be-

tween, �i depends the similarity (smoothness) between

✓i and its neighbors ✓j , j 6= i. In summary, depending

the graph structure, ||�i||2 ranges between [0, ||✓i||2].
We provide empirical evidence on �i over di↵erent

level of smoothness in Fig. 1-a.

Remark 3. Given �i, we are ready to motivate the

choose of the random-walk normalized Laplacian L
instead of other commonly used Laplaicans. Specifi-

cally, If the combinatorial Laplacian L is used in the

Laplacian-regularized estimator in Eq. 4, the term

�i = Dii(✓i +
P

j 6=i
Wij

Dii
✓j) will scale with the de-

gree Dii of each user i, which results in a regret scales

with Dii. (This is the drawback of Gob.Lin which

employs L). In addition, the regularized level of each

user will be ↵Dii which is not homogeneous across all

user. In the other case, if the symmetric normalized

Laplacian Lnorm is used, the term
P

j 6=i Lnorm,ij✓j

in �i = ✓i +
P

j 6=i Lnorm,ij✓j with not be a convex

combination of ✓j , j 6= i, which could result in a �i

locate outside the Euclidean ball defined by ||✓j ||2 

1, 8j 2 [1, ..., n]. This could also lead to unbounded re-

gret. In contrast, the two unique properties Lii = 1
and

P
j 6=i�Lij = 1 of the random-walk normalized

Laplacian L makes sure the regret is bounded and a

homogeneous level of regularized accross users.

5 Algorithms

With the above analysis, we are ready to introduce the
key ingredient of our bandit algorithms, the arm se-
lection principle which is based on the principle called
optimism in the face of uncertainty [Lai et al., 1987].
The basic idea is selecting arm taking into account the
uncertainty of the estimation ✓̂i,t which is quantified

Algorithm 1: GraphUCB

Input : ↵, T , L, �
Initialization : For any i 2 {1, 2, ..., n}
✓̂0,i = 0 2 Rd, ⇤0,i = 0 2 Rd⇥d,
A0,i = 0 2 Rd⇥d, �i,t = 0.

for t 2 [1, T ] do
User index it is selected
1. Ai,t  Ai,t�1 + xi,t�1xT

i,t�1 if i = it.
2. Aj,t  Aj,t�1, 8j 6= it.
3. Update ⇤i,t via Eq. 10.
4. Select xi,t via Eq. 13

where �i,t is defined in Eq. 12.
5. Receive the payo↵ yi,t.

6. Update ⇥̂t via Eq. 4.
end

by the confidence set Ci,t. Formally, at time t, user
index it is selected. For user i = it, the learner selects
one arm from the arm set D following

xi,t = arg max
(x,✓)2(D,Ci,t)

xT✓

= argmax
x2D

xT ✓̂i,t + �i,t||x||⇤�1
i,t

(13)

The first algorithm we propose is GraphUCB
sketched in Algorithm 1. Here, we use the Lapla-
cian regularized estimator Eq. 4 and the arm selec-
tion principle Eq. 13. Formally, at each time t, user
index it is selected. For user i = it, the algorithm
first updates ⇤i,t based on the Gram matrix Ai,t and
Aj,t. Then, it selects one arm xi,t from the arm set D
by following Eq. 13. Upon receiving a payo↵ yi,t, it

updates the feature of all users ⇥̂t by solving Eq. 4.
The process continues to time t+ 1. Note that in Eq.
12, the term �i is defined based on unknown ground-
truth ✓i and ✓j . In practice, we replace �i with its

empirical counterpart �̂i,t =
Pn

j=1 Lij ✓̂j,t where ✓̂j,t

is the j-th row of ⇥̂t.

One issue of GraphUCB is its high computational
complexity. Specifically, to solve Eq. 4, the running
time is dominated by the inversion (�t�

T
t +↵L⌦I)�1,

which is in the order O(n2
d
2). This is impractical

when the user number n is large. Recall that in the
learning setting, at each time t, only one user is se-
lected. Thus, updating ✓̂i,t, i = it only is su�cient.
So, we propose Lemma 1 which can be used in place
of Eq. 4 to estimate ✓̂i,t resulting a significant reduc-
tion in computation complexity.

Clearly, the computation complexity of Lemma 1 is
dominated by the inversion of (Ai,t+↵LiiI)�1 or A�1

j,t ,

which is in the order ofO(d2). Since Lemma 1 contains
n such inversion, the total complexity is O(nd2). This

arg max
x∈2

xT ̂θi,t + βi,t | |x | |Λ− 1
i,t
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where xt and x⇤
t are the arms selected by the learner

and the optimal strategy at t, respectively. For no-
tation convenience in the rest of the paper, at each
time step t, we use i to generally refer to the user ap-
peared and xt to represent the feature vector of the
arm selected.

4 Laplacian-regularized Estimator

To estimate the user parameter ⇥ at the decision op-
portunity t, we make use the Laplacian-regularized es-
timator to promote the smoothness:

⇥̂t = arg min
⇥2Rn⇥d

nX

i=1

X

⌧2ti

(xT
⌧ ✓i�yi,⌧ )

2+↵ tr(⇥TL⇥)

(4)
where ti is the set of time at which user i is served up to
time t. x⌧ is the feature of arm selected by the learner
and yi,⌧ is the payo↵ from user i and time ⌧ and ↵

is the regularizer parameter. Clearly, Eq. 4 is convex
and can be solved by convex optimization techniques.
Although not straightforward to see, it has a closed
form solution [Alvarez et al., 2012]:

vec(⇥̂t) = (�t�
T
t + ↵L⌦ I)�1�tYt (5)

where ⌦ is the Kronecker product, vec(⇥̂t) 2 Rnd is
the concatenation of the columns of ⇥̂t. I 2 Rd⇥d is
the identity matrix. Yt = [y1, y2, ..., yt]T 2 Rt is the
collection of all payo↵s, �t = [�1,�2, ...,�t] 2 Rnd⇥t,
where �t 2 Rnd, is a long spare vector indicating the
event that arm with feature xt is selected for user i.
Formally,

�
T
t = ( 0, ..., 0| {z }

(i�1)⇥d times

,xT
t , 0, ...0| {z }

(n�i)⇥d times

) (6)

Eq. 5 gives the closed form solution of ⇥̂t, but does not
provide a closed form solution of single-user estimation
✓̂i,t, i 2 [1, ..., n]. Mathematically, ✓̂i,t can be obtained
by decoupling Eq. 5. However, due to the inversion
(�t�

T
t +↵L⌦I)�1, such decoupling is non-trivial and

tedious. We notice that the single-user estimation ✓̂i,t

can be closely approximated by Lemma 1.

Lemma 1. ⇥̂t is obtained from Eq. 5, let ✓̂i,t be the

i-th row of ⇥̂t which is the estimate of ✓i. ✓̂i,t can be

approximated by :

✓̂i,t ⇡ A�1
i,t Xi,tYi,t � ↵A�1

i,t

nX

j=1

LijA
�1
j,tXj,tYj,t (7)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d
is the Gram ma-

trix of user i, Lij is the (i, j)-th element in L, Yi,t =
[yi,1, ..., yi,ti ] are the collection of payo↵s associated

with user i up to time t.

Proof. Appendix A.

Remark 1. We claim the approximation introduced

in Lemma 1 is tight. The detail proof is included in

Appendix A. Here, we sketch the basic idea. Lemma

1 is derived based on a Taylor expansion of the inver-

sion (�t�
T
t + ↵L ⌦ I)�1

in which we drop terms of

order higher than 2. Higher order terms contains the

Gram matrix A�1
i,t which decreases with growing t mak-

ing these terms negligible in comparison with lower or-

der terms. We also provide empirical evidence to show

the tightness of such approximation in Fig. 1-a.

4.1 Construction of Confidence Set

In this subsection, we define a confidence set to quan-
tify the uncertainty of estimation. ✓̂i,t 2 Rd is the

estimate of user i at time t. i.e, the i-th row of ⇥̂t. Let
⇤i,t 2 Rd⇥d be the precision matrix of ✓̂i,t. We can de-

fine a confidence set around ✓̂i,t based on Mahalanobis
distance [De Maesschalck et al., 2000] , which is com-
monly used in bandit literature [Dani et al., 2008,
Valko et al., 2013, Lattimore and Szepesvári, 2018].
Formally,

Ci,t = {✓i,t : ||✓̂i,t � ✓i,t||⇤i,t  �i,t} (8)

where �i,t is the upper bound of ||✓̂i,t � ✓i,t||⇤i,t . Let

⇤t 2 Rnd⇥nd denote the precision matrix of vec(⇥̂t) 2
Rnd. Note that ⇤i,t 2 Rd⇥d is the i-th block matrix
along the diagonal of ⇤t. So, ⇤i,t can be obtained
from ⇤t. Specifically,

Let define At = �t�T
t , L⌦ = L ⌦ I and Mt = At +

↵L⌦, Then
⇤t = MtA

�1
t Mt (9)

Then, ⇤i,t is

⇤i,t = Ai,t + 2↵LiiI+ ↵
2

nX

j=1

L
2
ijA

�1
j,t (10)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d, Lij is the (i, j)-
th element in L. The detail derive is included in the
Appendix B and C. Given Eq. 10, we can upper bound
the size of the confidence set defined in Eq. 8 which
gives the value of �i,t.

Lemma 2. ti is the set of time at which user i is

served up to time t. Ai,t =
P

⌧2ti
x⌧xT

⌧ , Vi,t =

Ai,t + ↵LiiI, ⇠i,t =
P

⌧2ti
xi,⌧⌘i,⌧ , I 2 Rd⇥d

is the

identity matrix. ⇤i,t is defined in Eq. 10. Denote

�i =
Pn

j=1 Lij✓j, the size of the confidence set de-

fined in Eq. 8 satisfies the following upper bound with

probability 1� � with � 2 [0, 1].

||✓̂i,t � ✓i||⇤i,t  �

s

2 log
|Vi,t|

1/2

�|↵I|1/2
+
p
↵||�i||2 (11)
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(a) (b)

Figure 1: (a) ||�i||2 vs Smoothness, (b)  i,ti vs Time.

leads to a significant reduction comparing with Eq. 4
which is O(n2

d
2).

Equipped with Lemma 1, we introduce our second al-
gorithm GraphUCB-Local serving as a simplified
version of GraphUCB. The only di↵erence lies in the
number of users updated per round. GraphUCB up-
dates all users ⇥̂t via Eq. 4, whileGraphUCB-Local
only updates one user ✓̂i,t via Lemma 1. Pseudocode
of GraphUCB-Local is included in Appendix E.

6 Analysis

In this section, we provide a finite-time analysis on the
performance of proposed algorithms. We first present
a Lemma on a term which plays a central role in the
regret upper bound. Next, we state the regret up-
per bound. Finally, the regret bound is compared
with that of LinUCB [Li et al., 2010] and Gob.Lin
[Cesa-Bianchi et al., 2013].

Lemma 3. Define  i,ti =

Pti
t=1 ||xi,t||2

⇤�1
i,tPti

t=1 ||xi,t||2
V�1

i,t

, where

Vi,ti = Ai,ti + ↵LiiI and ⇤i,ti defined
1
in Eq. 10.

Without loss of generality, assume ||xi,t||2  1 for any

t, ti and i, then

 i,ti 2 (0, 1] (14)

Furthermore, denser connected graph leads to smaller

 i,ti . Empirical evidence is provided in Fig. 1-b.

Proof. Appendix F.

6.1 Regret Upper Bound

In this subsection, we present the cumulative re-
gret upper bounds satisfied by both GraphUCB
and GraphUCB-Local. We first present the upper
bound of single-user cumulative regret in Theorem 1.

1For any isolated node i, Lii is set to be 1.

Next, we show the upper bound on total cumulative
regret experienced by all users in Theorem 2 .

Theorem 1. Recall  i,ti =

Pti
t=1 ||xt||2

⇤�1
i,tPti

t=1 ||xt||2
V�1

i,t

, Vi,ti =

Ai,ti + ↵LiiI, �i =
Pn

j=1 Lij✓j and ⇤i,t defined in

Eq. 10. Without loss of generality, assume ||✓i||2  1
for any i 2 {1, 2, ..., n} and ||xi,t||2  1 for any t, ti

and i. Then, for � 2 [0, 1], the cumulative regret over

ti of any user i 2 {1, 2, ..., n} satisfies the following

upper bound with probability 1� �.

Ri,ti = O

✓�p
d log(ti) +

p
↵||�i||2

�
 i,ti

p
dti log(ti)

◆

= Õ

✓
 i,tid

p
ti

◆

(15)

where the constant and logarithmic factors are hidden.

Proof. Appendix G.

Theorem 2. With the same assumption and nota-

tion as Theorem 1. Denote ti be the number of time

been served of each user i, i 2 {1, 2, ..., n}. The total

time horizon is T and
Pn

i=1 ti = T . Assume users are

served uniformly, i.e., ti = T/n. Then, over the time

horizon T , the total cumulative regret experienced by

all users satisfies the following upper bound with prob-

ability 1� � with � 2 [0, 1].

RT =
nX

i=1

Ri,ti =
nX

i=1

Õ

✓
 i,tid

p
T/n

◆

 Õ

✓
d

p

Tnmax
i2U

 i,ti

◆ (16)

Proof. See Appendix G.

Remark 4. We emphasis that Theorem 1 and

Theorem 2 are satisfied by both GraphUCB and

GraphUCB-Local. To see this, the only di↵erence

between GraphUCB and GraphUCB-Local is the

estimation ✓̂i,t. However, the regret bound is derived

based on the ground-truth ✓i which is the same in both

algorithms. Therefore, they satisfy the same regret up-

per bounds.

6.2 Compare with LinUCB

With LinUCB[Li et al., 2010], under the same setting
(described in Section 3), the cumulative regret of any
user i over time horizon ti satisfies the following upper
bound with probability 1� � for � 2 [0, 1].

Ri,ti = O

✓�p
d log(ti) +

p
↵||✓i||2

�p
dti log(ti)

◆

(17)
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where xt and x⇤
t are the arms selected by the learner

and the optimal strategy at t, respectively. For no-
tation convenience in the rest of the paper, at each
time step t, we use i to generally refer to the user ap-
peared and xt to represent the feature vector of the
arm selected.

4 Laplacian-regularized Estimator

To estimate the user parameter ⇥ at the decision op-
portunity t, we make use the Laplacian-regularized es-
timator to promote the smoothness:

⇥̂t = arg min
⇥2Rn⇥d

nX

i=1

X

⌧2ti

(xT
⌧ ✓i�yi,⌧ )

2+↵ tr(⇥TL⇥)

(4)
where ti is the set of time at which user i is served up to
time t. x⌧ is the feature of arm selected by the learner
and yi,⌧ is the payo↵ from user i and time ⌧ and ↵

is the regularizer parameter. Clearly, Eq. 4 is convex
and can be solved by convex optimization techniques.
Although not straightforward to see, it has a closed
form solution [Alvarez et al., 2012]:

vec(⇥̂t) = (�t�
T
t + ↵L⌦ I)�1�tYt (5)

where ⌦ is the Kronecker product, vec(⇥̂t) 2 Rnd is
the concatenation of the columns of ⇥̂t. I 2 Rd⇥d is
the identity matrix. Yt = [y1, y2, ..., yt]T 2 Rt is the
collection of all payo↵s, �t = [�1,�2, ...,�t] 2 Rnd⇥t,
where �t 2 Rnd, is a long spare vector indicating the
event that arm with feature xt is selected for user i.
Formally,

�
T
t = ( 0, ..., 0| {z }

(i�1)⇥d times

,xT
t , 0, ...0| {z }

(n�i)⇥d times

) (6)

Eq. 5 gives the closed form solution of ⇥̂t, but does not
provide a closed form solution of single-user estimation
✓̂i,t, i 2 [1, ..., n]. Mathematically, ✓̂i,t can be obtained
by decoupling Eq. 5. However, due to the inversion
(�t�

T
t +↵L⌦I)�1, such decoupling is non-trivial and

tedious. We notice that the single-user estimation ✓̂i,t

can be closely approximated by Lemma 1.

Lemma 1. ⇥̂t is obtained from Eq. 5, let ✓̂i,t be the

i-th row of ⇥̂t which is the estimate of ✓i. ✓̂i,t can be

approximated by :

✓̂i,t ⇡ A�1
i,t Xi,tYi,t � ↵A�1

i,t

nX

j=1

LijA
�1
j,tXj,tYj,t (7)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d
is the Gram ma-

trix of user i, Lij is the (i, j)-th element in L, Yi,t =
[yi,1, ..., yi,ti ] are the collection of payo↵s associated

with user i up to time t.

Proof. Appendix A.

Remark 1. We claim the approximation introduced

in Lemma 1 is tight. The detail proof is included in

Appendix A. Here, we sketch the basic idea. Lemma

1 is derived based on a Taylor expansion of the inver-

sion (�t�
T
t + ↵L ⌦ I)�1

in which we drop terms of

order higher than 2. Higher order terms contains the

Gram matrix A�1
i,t which decreases with growing t mak-

ing these terms negligible in comparison with lower or-

der terms. We also provide empirical evidence to show

the tightness of such approximation in Fig. 1-a.

4.1 Construction of Confidence Set

In this subsection, we define a confidence set to quan-
tify the uncertainty of estimation. ✓̂i,t 2 Rd is the

estimate of user i at time t. i.e, the i-th row of ⇥̂t. Let
⇤i,t 2 Rd⇥d be the precision matrix of ✓̂i,t. We can de-

fine a confidence set around ✓̂i,t based on Mahalanobis
distance [De Maesschalck et al., 2000] , which is com-
monly used in bandit literature [Dani et al., 2008,
Valko et al., 2013, Lattimore and Szepesvári, 2018].
Formally,

Ci,t = {✓i,t : ||✓̂i,t � ✓i,t||⇤i,t  �i,t} (8)

where �i,t is the upper bound of ||✓̂i,t � ✓i,t||⇤i,t . Let

⇤t 2 Rnd⇥nd denote the precision matrix of vec(⇥̂t) 2
Rnd. Note that ⇤i,t 2 Rd⇥d is the i-th block matrix
along the diagonal of ⇤t. So, ⇤i,t can be obtained
from ⇤t. Specifically,

Let define At = �t�T
t , L⌦ = L ⌦ I and Mt = At +

↵L⌦, Then
⇤t = MtA

�1
t Mt (9)

Then, ⇤i,t is

⇤i,t = Ai,t + 2↵LiiI+ ↵
2

nX

j=1

L
2
ijA

�1
j,t (10)

where Ai,t =
P

⌧2ti
x⌧xT

⌧ 2 Rd⇥d, Lij is the (i, j)-
th element in L. The detail derive is included in the
Appendix B and C. Given Eq. 10, we can upper bound
the size of the confidence set defined in Eq. 8 which
gives the value of �i,t.

Lemma 2. ti is the set of time at which user i is

served up to time t. Ai,t =
P

⌧2ti
x⌧xT

⌧ , Vi,t =

Ai,t + ↵LiiI, ⇠i,t =
P

⌧2ti
xi,⌧⌘i,⌧ , I 2 Rd⇥d

is the

identity matrix. ⇤i,t is defined in Eq. 10. Denote

�i =
Pn

j=1 Lij✓j, the size of the confidence set de-

fined in Eq. 8 satisfies the following upper bound with

probability 1� � with � 2 [0, 1].

||✓̂i,t � ✓i||⇤i,t  �

s

2 log
|Vi,t|

1/2

�|↵I|1/2
+
p
↵||�i||2 (11)

it provides a comparison with no-graph  UCB
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Figure 1: (a) ||�i||2 vs Smoothness, (b)  i,ti vs Time.

leads to a significant reduction comparing with Eq. 4
which is O(n2

d
2).

Equipped with Lemma 1, we introduce our second al-
gorithm GraphUCB-Local serving as a simplified
version of GraphUCB. The only di↵erence lies in the
number of users updated per round. GraphUCB up-
dates all users ⇥̂t via Eq. 4, whileGraphUCB-Local
only updates one user ✓̂i,t via Lemma 1. Pseudocode
of GraphUCB-Local is included in Appendix E.

6 Analysis

In this section, we provide a finite-time analysis on the
performance of proposed algorithms. We first present
a Lemma on a term which plays a central role in the
regret upper bound. Next, we state the regret up-
per bound. Finally, the regret bound is compared
with that of LinUCB [Li et al., 2010] and Gob.Lin
[Cesa-Bianchi et al., 2013].

Lemma 3. Define  i,ti =

Pti
t=1 ||xi,t||2

⇤�1
i,tPti

t=1 ||xi,t||2
V�1

i,t

, where

Vi,ti = Ai,ti + ↵LiiI and ⇤i,ti defined
1
in Eq. 10.

Without loss of generality, assume ||xi,t||2  1 for any

t, ti and i, then

 i,ti 2 (0, 1] (14)

Furthermore, denser connected graph leads to smaller

 i,ti . Empirical evidence is provided in Fig. 1-b.

Proof. Appendix F.

6.1 Regret Upper Bound

In this subsection, we present the cumulative re-
gret upper bounds satisfied by both GraphUCB
and GraphUCB-Local. We first present the upper
bound of single-user cumulative regret in Theorem 1.

1For any isolated node i, Lii is set to be 1.

Next, we show the upper bound on total cumulative
regret experienced by all users in Theorem 2 .

Theorem 1. Recall  i,ti =

Pti
t=1 ||xt||2

⇤�1
i,tPti

t=1 ||xt||2
V�1

i,t

, Vi,ti =

Ai,ti + ↵LiiI, �i =
Pn

j=1 Lij✓j and ⇤i,t defined in

Eq. 10. Without loss of generality, assume ||✓i||2  1
for any i 2 {1, 2, ..., n} and ||xi,t||2  1 for any t, ti

and i. Then, for � 2 [0, 1], the cumulative regret over

ti of any user i 2 {1, 2, ..., n} satisfies the following

upper bound with probability 1� �.

Ri,ti = O

✓�p
d log(ti) +

p
↵||�i||2

�
 i,ti

p
dti log(ti)

◆

= Õ

✓
 i,tid

p
ti

◆

(15)

where the constant and logarithmic factors are hidden.

Proof. Appendix G.

Theorem 2. With the same assumption and nota-

tion as Theorem 1. Denote ti be the number of time

been served of each user i, i 2 {1, 2, ..., n}. The total

time horizon is T and
Pn

i=1 ti = T . Assume users are

served uniformly, i.e., ti = T/n. Then, over the time

horizon T , the total cumulative regret experienced by

all users satisfies the following upper bound with prob-

ability 1� � with � 2 [0, 1].

RT =
nX

i=1

Ri,ti =
nX

i=1

Õ

✓
 i,tid

p
T/n

◆

 Õ

✓
d

p

Tnmax
i2U

 i,ti

◆ (16)

Proof. See Appendix G.

Remark 4. We emphasis that Theorem 1 and

Theorem 2 are satisfied by both GraphUCB and

GraphUCB-Local. To see this, the only di↵erence

between GraphUCB and GraphUCB-Local is the

estimation ✓̂i,t. However, the regret bound is derived

based on the ground-truth ✓i which is the same in both

algorithms. Therefore, they satisfy the same regret up-

per bounds.

6.2 Compare with LinUCB

With LinUCB[Li et al., 2010], under the same setting
(described in Section 3), the cumulative regret of any
user i over time horizon ti satisfies the following upper
bound with probability 1� � for � 2 [0, 1].

Ri,ti = O

✓�p
d log(ti) +

p
↵||✓i||2

�p
dti log(ti)

◆

(17)
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Figure 1: (a) ||�i||2 vs Smoothness, (b)  i,ti vs Time.

leads to a significant reduction comparing with Eq. 4
which is O(n2
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2).

Equipped with Lemma 1, we introduce our second al-
gorithm GraphUCB-Local serving as a simplified
version of GraphUCB. The only di↵erence lies in the
number of users updated per round. GraphUCB up-
dates all users ⇥̂t via Eq. 4, whileGraphUCB-Local
only updates one user ✓̂i,t via Lemma 1. Pseudocode
of GraphUCB-Local is included in Appendix E.

6 Analysis

In this section, we provide a finite-time analysis on the
performance of proposed algorithms. We first present
a Lemma on a term which plays a central role in the
regret upper bound. Next, we state the regret up-
per bound. Finally, the regret bound is compared
with that of LinUCB [Li et al., 2010] and Gob.Lin
[Cesa-Bianchi et al., 2013].
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tion as Theorem 1. Denote ti be the number of time

been served of each user i, i 2 {1, 2, ..., n}. The total

time horizon is T and
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i=1 ti = T . Assume users are

served uniformly, i.e., ti = T/n. Then, over the time

horizon T , the total cumulative regret experienced by

all users satisfies the following upper bound with prob-
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Proof. See Appendix G.

Remark 4. We emphasis that Theorem 1 and

Theorem 2 are satisfied by both GraphUCB and

GraphUCB-Local. To see this, the only di↵erence

between GraphUCB and GraphUCB-Local is the

estimation ✓̂i,t. However, the regret bound is derived

based on the ground-truth ✓i which is the same in both

algorithms. Therefore, they satisfy the same regret up-

per bounds.

6.2 Compare with LinUCB

With LinUCB[Li et al., 2010], under the same setting
(described in Section 3), the cumulative regret of any
user i over time horizon ti satisfies the following upper
bound with probability 1� � for � 2 [0, 1].
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5(( d log(ti) + α | |Δi | |2 )Ψi,ti dti log(ti)) = 5(d tiΨi,ti)

Single User Regret

The cumulative regret over ti of user i satisfies the following upper 
bound with probability 1 − δ  

5(d Tnmax
i

Ψi,ti)

Network Regret

Assuming users are served uniformly, then, over the time horizon T, the 
total cumulative regret    experienced by all users satisfies the 

following upper bound with probability 1−δ

RT =
n

∑
i= 1

Ri,ti
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(a) RBF (b) RBF-Sparse (0.5)

(c) ER (p=0.2) (d) BA (m=1)

Figure 3: Performance on graph types: ER (a), BA
(b), WS (c) and RBF (d).

ter of the kernel set as 0.5. In addition, We generate
another RBF kernel graph the same as the previous
one except that edge with weight less than 0.5 are re-
moved. This graph is used to test the e↵ect of sparsity
on algorithms.

The results are shown in Figure 2. Under all graph
models, GraphUCB outperforms its competitors
consistently with a large margin. GraphUCB-Local
shows a slight worse performance than GraphUCB.
This is due to the approximation introduced by Eq.
7. This is a tight approximation when T is large, so
at the initial phase when T is small, GraphUCB-
Local experiences more regret. However, it is a worth
price since GraphUCB-Local reduces the computa-
tion complexity from Õ(n2

d
2) to Õ(nd2). At early

phase, CLUB performs better than LinUCB due to
clustering users into group. However, its regret does
not converge fast. This is becauseCLUB approximate
each user feature by that of clustering which eventually
limits its ability to model individual users accurately.

7.2 Performance on Graph Structure

Graphs used in our experiments have properties af-
fecting the performance of proposed algorithms. We
examine these graph properties.

Sparsity of RBF-graph: We test the e↵ect of spar-
sity on performance of algorithms. We first generate a
fully connected graph and generated the edge weights

(a) Smoothness: � in Eq. 21 (b) RBF (Sparsity)

(c) ER (p) (d) BA (m)

Figure 4: Performance on smoothness (a) and graph
structure: sparsity (b), p in ER graph (c), m in BA
graph (d).

randomly. Then, ⇥ is generated following Eq. 21
with � = 4. To control the sparsity, we set a threshold
⇢ 2 [0, 1) on edge weights such that edges with weights
less than ⇢ are removed.

7.3 Experiments on Real-World Data

We then carry out experiments on two real-world
datasets that are commonly used in bandit prob-
lems: Movielens [Lam and Herlocker, 2006] and
Netflix[Bennett et al., 2007]. We follow the data pre-
processing steps in [Valko et al., 2014]. we sample 50
users and test algorithms over T = 1000.

(a) MovieLens (b) Netflix

Figure 5: Performance on MovieLens (a) and Netflix
(b).

In Figure 3, we see that the proposedGraphUCB and
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Figure 3: Performance on graph types: ER (a), BA
(b), WS (c) and RBF (d).
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The results are shown in Figure 2. Under all graph
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Figure 3: Performance on graph types: ER (a), BA
(b), WS (c) and RBF (d).
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Conclusions

• Proposed GraphUCB to solve the stochastic linear bandit 
problem with multiple users - known user graph  

• Single-user UCB  

• GraphUCB leads to lower cumulative regret as compared to 
algorithms which ignore user graph 

• Proposed local-GraphUCB - need further investigation 



Conclusions

• Proposed GraphUCB to solve the stochastic linear bandit 
problem with multiple users - known user graph  

• Single-user UCB  

• GraphUCB leads to lower cumulative regret as compared to 
algorithms which ignore user graph 

• Proposed local-GraphUCB - need further investigation 

• Next? 
• better understanding of the effect of the graph 
• bandit optimality as function of graph features  

• graph learning and other GSP properties applied to 
MABs?
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